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Ahhotalj,h.h. B pa6oTe roynaiOTCfl Heo6xoflHMbie h floCTaTOHHbie ycjiOBHa pfia Toro, 
HTo6bi cyMMa no^npocTpancTB H\, . . . , H n (n 2) riijib6epTOBa npocTpaHCTBa H 6m- 
jia no^npocTpaHCTBOM, a Taitsce pa3jiiiHHbie CBOiicTBa jj-ok noflnpocTpaHCTB c 3aMKHyTofi 

CyMMOH. 



1. BBEflEHHE 

H3yneHHe chctcm L = (V; Vi, V^,) n no^npocrpaHCTB Vi, ...,V n jiHHefiHoro npocTpaH- 
CTBa V, b lacTHocTH, onncaHHe Hepa3jio>KHMbix neTBepoK no^npocTpaHCTB V (c tohho- 
ctbk) flo SKBHBajieHTHocTii) , onncaHHe Hepa3Jic»KHMBix npe,n;cTaBjieHHii b npocTpaHCTBe V 
KOHeHHtix nacTHHHo ynopH^oneHHbix MHOJKecTB h T.fl. 3bji3iotc3 KjiaccnnecKHMn sa^ana- 
mh ajire6pti (cm., HanpHMep, 6n6jiHorpacbHio b [28J). 

IlycTb H — KOMnjieKCHoe rHjit6epTOBo npocTpaHCTBo, a Hi, 1 ^ z ^ n — Ha6op ero 
no^npocTpaHCTB. H3yneHne chctcmbi no^npocTpaHCTB S = (H; Hi, . . . , H n ) rHjib6epTO- 
Ba npocTpaHCTBa H (mm, hto tojkc caMoe, Ha6opoB cooTBeTCTByroinnx opTonpoeKTopoB 
Pi, ... , P n ) aBjiHeTca BajKHOH sa^aneS cpyHKHHOHajiBHoro aHajiH3a, KOTopoii nocBHineHbi 
MHoroHHCJieHHtie ny6jiHKaiiHH (cm. HanpHMep [28] h 6n6jTHorpacbHio TaM). 

IlycTb H — KOMnjieKCHoe rnjibGepTOBO npocTpaHCTBo, Hi, ... , H n — Ha6op ero no^npo- 
cTpaHCTB. Ecjih dimH < oo, to cyMMa Hi + . . . + H n 3aMKHyTa b H. B GecKOHenHo- 
MepHOM rnjibGepTOBOM npocTpaHCTBe 3to yTBepxc^eHHe , Boo6me roBopn, HeBepHo (^a- 
ace npn n = 2 cyMMa ifi + Hi mojkct He Gbitb 3aMKHyTofl). IIosTOMy ecTecTBeHHofi 
ecTb 3a^,aHa npo Haxoxc^eHne Heo6xo^HMbix h ^ocTaTOHHtix ycjioBHH (hjih tojibko ^o- 
CTaTOHHbix) , npn KOTopbix Hi + . . . + H n ecTb no^npocTpaHCTBOM H (cm. HanpHMep 

[13 El El 1221 El El HH EH HU E21 12H 121]). 

CncTeMbi no^npocTpaHCTB c 3aMKHyTOH cyMMofl hmciot MHoronHCJieHHbie npHjioxceHHsr : 
k nocTpoeHHio cTaTHCTnnecKHx oneHOK (cm. HanpHMep [2]), k 3a^anaM KBa^paTHHHoro 
nporpaMMnpoBaHHH ([21]), TOMorpacpHH ([18], |24]). napajiejibHbiM BBinncjieHHHM ([3J), 
ajiropHTMaM fljiH pernemiH BBinyKjibix 3a^an cymecTBOBaHHH (cm. [1] h GnGjinorpacpHio 
TaM), H3yneHHio cxo,zihmocth npoH3Be^;eHHH opTonpoeKTopoB (uTepauHOHHoro npon,ecca) 
(cm. [5j;[15j n 6H6jinorpacpHio TaM), MeTo^aM HlBapua (nHcneHHbie MeTo^bi, KOToptie 
npHMeHHioTCH, HanpHMep, fljis nncjieHHoro penieHHH ^ncpcpepeHnHajibHKrx ypaBHeHHft b 
nacTHbix npoH3Bo^HBix (mcto^bi pa36HeHHH o6jiacTn)) (cm. [TB] h GnGjiHorpacbnio TaM), 
b no^pa3^ejie 14.21 noKa3aHa cbh3b 3a^anH npo 3aMKHyTocTb cyMMti no^npocTpaHCTB co 
cbohctbom oGpaTHoro HaHjiyHniero npn6jTH>KeHH5i cHCTeMti no^npocTpaHCTB (inverse best 
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approximation property), KOTopoe HMeeT npnjiojKeHnn k nepno^nnecKHM npoeKHHOHHbiM 
ajiropiiTMaM , rapMOHHnecKOMy aHajiH3y, HHTerpajibHbiM ypaBHemiHM, BeftBjieTaM (cm. [7]). 

B pa3flejiax|2]|5]npHBe^i;eHL»i Heo6xo,zrHMbie h ,a;ocTaTOHHbie ycjioBHs /ijis Toro, htoGm cyM- 
Ma no,zrnpocTpaHCTB Hi, ... , H n rHjib6epTOBa npocTparrcTBa H Gbijia no^npocTpaHCTBOM, 
a TaK>Ke pa3JiHHHbie cBoiicTBa u-ok no^npocTpaHCTB c 3aMKHyToft cyMMofi. Oco6oe bhh- 
MaHHe yn,ejieHo jihhchho H63aBHciiMBiM cncTeMaM no^npocTpaHCTB (cm. pa3,neji H]) . 

B pa3^ejie H] H3yHaeTC5i sa^ana o 3aMKHyTocTH cyMMBi napBi no^npocTpaHCTB. Ochob- 
hbim pa6oHHM HHCTpyMeHTOM aBjiaeTcs cneKrpajibHaa TeopeMa fljia napBi opTonpoeKropoB 
(«npe^CTaBjieHHe» II. XajiMoma fljia napBi no^npocTpaHCTB). 

B pa3^ejie [3] noxasaHo, xax sa^ana npo 3aMKHyTocTB cyMMBi n no^npocTpaHCTB cbo- 
^htc3 k sa^ane npo 3aMKHyTocTB cyMMbi napbi no^npocTpaHCTB. Hcnojib3ya KpnTepnn 
3aMKHyTocTn cyMMbi napbi no^npocTpaHCTB, mh nojiynaeM KpnTepnn 3aMKHyTocTH cyM- 
Mbi n no^npocTpaHCTB. 

B pa3,n;ejieH]H3ynaioTcn jihhchho He3aBncnMbie cncTeMbi no^npocTpaHCTB. B nacTHocrn, 
^OKa3aHo, hto npon3BOJibHan cncTeMa n no^npocTpaHCTB mojkct 6biTb «yMeHbnieHa» ^;o 
jiHHenHo He3aBHCHMofl chctcmbi no^npocTpaHCTB c coxpaHeHHeM cyMMbi no,n;npocTpaHCTB 
(cm. TeopeMbi 14.2^ 14. 3p . 

B pa3^ejie [5] H3yHaeTca Gojiee o6hihh oGb-eKT neM cncTeMa no^npocTpaHCTB — cncreMa 
o6pa30B jiHHeliHbix HenpepbiBHbix onepaTopoB. TaKoii no^xofl no3BOJiseT nojiyHHTb HOBBie 

KpHTepiIH 3aMKHyTOCTII CyMMbi n nO^npOCTpaHCTB, H3yHHTb HeKOTOpbie CBOHCTBa cyMM 

n-OK no^npocTpaHCTB H. 

Abtop HCKpeHHe npn3HaTejieH cBoeMy HaynHOMy pyKOBOflHTejno lO.C.CaMOHjieHKo, a 
TaiQKe B.H.PaGaHOBHHy, A.B.Qrpejrbiry 3a nojie3Hbie coBeTbi h o6cyjK^eHH3 pe3yjibTaTOB, 
npuBe^eHHbix b pa6oTe. Abtop BbipaacaeT 6jiaro^;apHocTb CO.Kojia^e 3a noMonxb npn 
pa6oTe c jiHTepaTypoii. 

06o3HaHeHHa. B ,n;aHHOH pa6oTe mm paccMaTpiiBaeM KOMnjieKCHbie rnjib6epTOBbi npo- 
cTpaHCTBa, KOTopbie, Kax npaBHjio, mh o6o3HaHaeM GyKBaMH H, M, K. Otmcthm, hto mbi 
He HaKjia^biBaeM ^onojiHHTejibHbix ycjioBHft Ha pa3MepHocTb rnjib6epTOBa npocTpaHCTBa. 
JXjik rnjibGepTOBa npocTpaHCTBa H Ih — e^HHHHHbiH onepaTop b H (hjih npocTo J, ec- 
jih noHHTHO, o KaKOM rHjibGepTOBOM npocTpaHCTBe HfleT penb); ecjiH A : H — > H — jih- 
HefiHbiH HenpepbiBHbiH onepaTop, to <j(A) o6o3HanaeT cneKTp onepaTopa A. HexoTopbie 
opToroHajibHbie pa3Jio>KeHHH rnjibGepTOBbix npocTpaHCTB, paccMOTpeHbie b pa6oTe, MoryT 
co^epxcaTb HyjieBbie KOMnoHeHTbi. CneKTp onepaTopa, onpe^ejieHHoro Ha TaKofl KOMno- 
HeHTe, cHHTaeM paBHbiM nycTOMy MHoacecTBy. 

2. 3AMKHYTOCTb CYMMbl nAPbl nOflnPOCTPAHCTB 

3a^aHe o 3aMKHyTocTH cyMMbi napbi no^npocTpaHCTB nocBnnreHbi MHoronncjieHHbie 
ny6jiHKan;HH (cm. HanpnMep (6J [8j HH [121 El EU [22]), HeKOTopbie KpHTepHH 3aMKHyTo- 
cth cyMMbi napbi no^npocTpaHCTB yace cTajin MaTeMaranecKHM cpojibKjiopoM. 

,H,ji5i nojiyneHHH KpHTepneB 3aMKHyTocTH cyMMbi napbi no^npocTpaHCTB mbi 6yn;eM nc- 
nojib30BaTb cneKTpajibHyio TeopeMy ^jin napbi opTonpoeKTopoB («npe^CTaBjieHne» Il.XajiMonia 
fljin napbi no^npocTpaHCTB). MHoroHncjieHHbie npnMeHeHnn cneKTpajibHon TeopeMbi ^;jin 
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napbi opTonpoeKTopoB co^epacaTca b [U H3]. Kpnrepnn 3&MKHyTOCTH cyMMti napbi no,n;- 
npocTpaHCTB, ccpopMyjinpoBaHBie b TepMHHax o6o6ineHHbix o6paTHtix onepaTopoB Mypa- 
IIeHpoy3a, co^epacaTcs b [6]. 

OTMeTHM, nro 3a,n;ana npo 3aMKHyTocTB cyMMbi napbi no^npocTpaHCTB b HeKOTopoM 
CMbicjie sBjiaeTca 6a30Boil — b pa3^ejie|3]Mbi noKajKeM, KaK sa^ana npo 3aMKHyTocTB cyM- 
mbi n no^npocTpaHCTB cBo,n;HTca: k 3a,n;ane npo 3aMKHyTocTB cyMMbi napbi no^npocTpaHCTB. 

2.1. CneKTpajibHaa TeopeMa flJia napbi opTonpoeKTopoB. IlycTb H — KOMnjieKCHoe 
rnjib6epTOBO npocTpaHCTBO, H\ n H 2 — no^npocTpaHCTBa H. ByneM roBopnTb, hto ohh 
Haxo^aTca b o6meM nojiojKeHnn (no XajiMoniy) (cm. [2]), ecjin 

H 1 r\H 2 = H l n Hi = Hi nH 2 = Hi n Hi = o. 

TeopeMa 2.1. [H] Ilycmb Hi u H 2 — nodnpocmpaHcmea H, Komopue Haxodfimcsi e 06- 
vjfiM noAOMcenuu, P\,Pi — coomeemcmeywinue opmonpoenmopu. Tozda naudymcfi zuau- 
6epmoeo npocmpaHcmeo K u ospanuHeHHUu caMoconpaofceHnuu onepamop a : K — )■ K , 
< a = a* < Ik, ker(a) = ker(Lx — a) = manue, umo H = K © K , a 6aohhuc 
pa3A0MceHUH P\ u P 2 UMcmm eud 



p i _ /Ik 0\ f a a/ a(I K - a] 



0J> < \y/a(I K - a) I K -a 

Hao6opom, naotcdoMy manoMy onepamopy a coomeemcmeymm onpedejiennue euuie op- 
monpoeKmopu P\ u P 2 na nodnpocmpaHcmea H\ u H 2 suAb6epmoea npocmpancmea H = 
K © K, Komopue Haxodfimcsi e o6wi i CM noAOOKenuu. 

IlycTb Tenepb H\ n H 2 — npon3BOJibHbie no^npocTpaHCTBa H. Tor,n;a mojkcm 3anncaTb: 

(2.1) H=(H X C\ H 2 ) © (H x n H 2 ) © (Hi n H 2 ) © (Hi n Hi) © H, 

(2.2) H x = (^ n H 2 ) © (H x n Hi) © © © H x , 

(2.3) H 2 = (Hi n # 2 ) © © (^ n # 2 ) © © H 2 , 

TRe Hi,H 2 — no,znipocTpaHCTBa H, KOTopbie Haxo^HTca b o6meM nojiojKeHnn. Henocpe,n;- 
ctb6hho H3 TeopeMbi 12.11 nojiynaeM cjie^yroinyio TeopeMy. 

TeopeMa 2.2. (cnenmpaAbnafi mcopcMa Bar napu opmonpoenmopoe) Hycmt, Hi u H 2 - 
nodnpocmpaHcmea H , Pi,P 2 — coomecmcmeywmxic opmonpoenmopu. Tozda naudemcfi 2um>- 
6epmoeo npocmpancmeo K u ospanuHeHHUu coMoconpaofceHHUu onepamop a : K — )■ K , 
< a = a* < Ik, ker(a) = ker (Ik — a) = manue, umo 

(2.4) H=(H X (1 H 2 ) © (Hi n Hi) © (F^ n F 2 ) © (Hi n ^a 1 ) © (AT © AT) , 
a 6A0HHue pa3AootceHUH Pi u P 2 uMewm eud 

(2-5) Pi = I Hl nH 2 © I BinB ± © O^xp^ © OstnHi- © q) ' 
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(2.6) P 2 = I HinH2 © HinH ± © I H x nIl2 © H ± nH ± © ( ^ r y/a } lK a) ) . 

2 1 12 \^a(I K - a) I K - a J 

HcnoAt>3yH cnenmpaAbHoe npedcmaeAenue caMoconpnotceHHozo onepamopa a e eude cnen- 
mpaAbHoso UHmespaAa no pa3AOOKCHUfo eduHuu,u E a (-) e K na (0, 1), UMeeM: 

Pi = lH x nH 2 © I Hl nH± © °HfnH 2 © ^ H ± nH ± © °J © J x , 

^2 = i^rus, © © ^i nff2 © HjLrW x © ( ^ © 

gcte unmespaA cxodumcn paenoMcpno. 

3mo npedcmaeAenue Bar napu nodnpocmpaHcme no360AHem npoeecmu anaAozum c dey- 
MepnuM cjiynaeu (dimK = 1). JJeucmeumeAbno, cyv^ecmeyem u eduncmeennuu como- 
conpstotceHHuu onepamop O : K — > K , ^ Q ^ \^k, ker(B) = ker(|Jx — 0) = 
(yzAoeou onepamop napu nodnpocmpaHcme) maKou, umo a = cos 2 0, Ik — a = sin 2 0. 
Tozda opmonpoenmopu UMCtom eud: 

Pi = IhiHHh © I^nH^ © OjfJ-nHa © Q BfnH£- © (^q q 

n t srs n st\ T n> n m / COS 2 COS sill 

1 5 Hl1 w a [ '-" 2 n i ,]n 2 \COS0Sm0 sm 

Jlpjiee b pa3^;ejie|5]Mt>i 6yn;eM Hcnojit>30BaTb o6o3HaHeHHs TeopeMBi l2.2^ a TaKJKe fl2.ip . fl2.2p .f l2.3p . 

2.2. KjiaccHnecKHe KpHTepHH 3aMKHyTOCTH cyMMbi napi>i no,n,npocTpaHCTB Kax 
cjie^CTBHa cneKTpajifaHoii TeopeMM /j,jia napti opTonpoeKTopoB. B stom no^pa3- 
jj;ejie co6paHt»i KpHTepHH 3aMKHyTocTH cyMMbi napt.1 noixnpocTpaHCTB, KOTopbie 6bijih no- 
jiyneHBi MHorHMH aBTopaMH h othochtch k MaTeMaTHHecxoMy cpojiBKjiopy. Hama uejib — 
noKa3aTb, hto npHMeHaa cneKTpajibHyio TeopeMy fljia napbi opTonpoeKTopoB, sth KpHTe- 
pHH ,zrpKa3BiBaioTC5i Hecjio>KHo h e,n;HHoo6pa3Ho. 

yTBep>K/],eHHe 2.1. CAedymvu^ue ycAoeun paenocujibnu: 

(1) Hi + H 2 3aMKHymo, 

(2) 1 i a{a), 

(3) o[P\P 2 ) fl (1 — e, 1) = <?a« HCKomopo20 e > 0, 

(4) ||PiP 2 -P ffinff2 ||<l, 

(5) iZ-j 1 + iJ^ 3aMKHymo, 

(6) Jm((7 — Pi)P 2 ) 3aMKHymo, 

(7) Im(I — P1P2) 3aMKnymo. 

/(oKa3ameAbcmeo. 1. CyMMa i^i + i?2 3aMKHyTa Torjxa h tojibko Tor^a, Kor^a f/i + 
3aMKHyTO b H = K © K. IIocKOJibKy H\ — {(x, 0), x G X}, #2 = {(v^ 3 -' y/I — ax), x G 
if}, to H\ + H 2 = {(x, \/I — ay), x, y G K}. TaK KaK ker(J — a) = 0, to iYi + i/ 2 
njioTHO b © K, h 3aMKHyTO Tor^a h tojibko Torjj;a, Kor^a Ihia/J — a = K. 3to ycjioBHe 
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paBHOCHJIbHO o6paTHMOCTH I — a. TaKHM 06pa30M, H\ + P 2 3aMKHyTO TOr^a H TOJIBKO 

Tor,n;a, Korfla 1 ^ a (a). 

2. IIocKOjibKy PiP 2 = /©O©O0O©fJ ^a(I^-a)^ ^ tq COBnaAaeT c a ( a ) 

c tohhoctbio ToneK 0, 1. IIpe,ii;no jiojkhm , hto 1 ^ cr(a). Tor^a rjik HeKOToporo e > 
cr(a) C [0, 1 — e], a nosTOMy cr(PiP 2 )fl(l — e, 1) = 0. Hao6opoT, nycTB <r(PiP 2 ) fl (1 — e, 1) = 
fljia: HeKOToporo £ > 0. Tor^a a(a) D (1 — e, 1) = 0. IIocKOJiBKy ker(J — a) = h 
H30JiiipoBaHHasi TOHKa cneKTpa caMoconpaaceHHoro onepaTopa HBjineTCH ero co6cTBeHHt>iM 
3HaneHHeM, to 1 ^ a (a). 

3. 5Icho, hto PxP 2 P\ - PhihH2 = 0©0©0©0©^q . HcnojiB3yH paBeHCTBo ||v4|| 2 = 
||AA*||, nojiyniiM 

H-P1-P2 — PH 1 nH 2 \\ 2 — 1 1 -Pi A -Pi — PffiD-ffall = ll a ll- 

IIosTOMy 1 ^ a (a) Tor^a h tojibko Tor^a, Korjxa HP1P2 — Ph 1 c\H 2 \\ < !• 

4. H3 cpopMyji (12. 5p . (12. 6p cjie/jyeT, hto <j((J — Pi)(J — P 2 )) coBna^aeT c cr(a) c tohhoctbio 
^o tohck 0,1. IIosTOMy a {{I — Pi) {I — P 2 )) coBna^aeT c a(P\P 2 ) c tohhoctbio j\o tohck 
0,1. OTcio^a cjie/xyeT HyacHoe yTBepxcflemie. 

5. H3 cpopMyji (12. 5p . (12. 6p cjie/xyeT, hto 

Im((J - Pi)P 2 ) = © © Hi n H 2 © © (0 © W7^). 



IIosTOMy Im((J — Pi)P 2 ) 3aMKHyTO Tor^a h tojibko Tor^a, Korjj;a Ihia/J — a 3aMKHyTO. 
IIocjieflHee paBHocnjiBHo 1 ^ a (a). 

6. 06o3HaHHM Pi, P 2 opTonpoeKTopBi Ha Pi, P 2 . Im(J — PiP 2 ) 3aMKHyT Torjxa h tojibko 
Tor^a, Kor^a Im(7 — P1P2) 3aMKHyT. IIocKOJiBKy 

Im(/ - PiP 2 ) = {((/- a)y - y/a(I - a)z, z),y,ze K}, 
nocjie/XHee ycjioBHe paBHocnjiBHo 3aMKHyTocTii Im(J — a), T.e. 1 ^ a (a). □ 

IIpHMep 2.1. IlycTB = r < T\ < . . . < r n < r n+1 = 1, a Pi,P 2 yflOBJieTBopaiOT 
paBeHCTBy UltliP^Pi - r k Pi) = 

IIocKOJiBKy GjioHHBie pa3Jio>KeHiiH Pi , P 2 HMeioT BHfl (I2.5P , (I2.6p , TO 



PiP 2 Pi - rPi = (1 - t)I © -rl © © 



a-rl 




IIosTOMy rifcio( a — r fc-^) = 0) T - e - ^l* 3 ) ^ { r i' • • • 1 T n} ( HanoMHHM , hto ker(a) = ker(J — a) = 
0). riosTOMy Pi + H 2 — no/xripocTpaHCTBO. 

Z^apM ycjioBHe 3aMKHyTocTH cyMMBi napBi no/xnpocTpaHCTB b TepMHHax yrjia (no <J>pn- 
^pnxcy) Meac/xy hhmh. 

Onpe/i,ejieHHe 2.1. (cm. [11] ) YrjioM 7 = 7(Pi,P 2 ), 0^7^ 7r/2, Meac^y no;i;npocTpaH- 
CTBaMH Hi,H 2 Ha30BeM yroji, onpe^ejieHHBiii paBeHCTBOM 

COS7 = sup{|(x,y)|, x EHiQ {H x nH 2 ), \\x\\ =l,yeH 2 G (Pi nP 2 ), \\y\\ = 1}. 
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Ecjih Hi C H 2 hjih H 2 C H\, to nojiaraeM cos 7 = 0, T.e. 7 = tt/2. 

IlycTb x = (0, x 2 , 0, 0, zi, 0) G i?i fl i? 2 ), Tor/j;a ||x|| 2 = ||x 2 || 2 + ||^i|| 2 = 1. /Iajiee, 
nycTb y = (0,0,x 3 ,0,y/az 2 ,^/T^az 2 ) G H 2 (H 1 n F 2 ), Torjj;a ||?/|| 2 = ||x 3 || 2 + ||z 2 || 2 = 
1. TyT B6KTopt>i 3anHcaHbi noKOMnoHeHTHO othochtcjibho opToroHajibHoro pa3Jio>KeHHa 
H (12. 4p . Tor^a = (^1, ^/az 2 ). OTcio^a jierxo nojiynaeM cos 7 = a/IHI- Bbiine mm 

^OKa3ajiH, hto ifi + H 2 3aMKHyTo Tor^a h tojibko Tor^a, Kor^a ||a|| < 1. TaKHM o6pa30M, 
mm ^;oKa3ajiH cjie/xyioiixee yTBepac/reHHe. 

"YTBep>K/],eHHe 2.2. Hi + H 2 3aMKHymo moeda u moAbno mosda, Kosda 7(ifi,ii/ 2 ) > 0. 

3aMenaHHe 1. B TepMHHax yrjioBoro onepaTopa G (cm. TeopeMy l2.2p yroji 7 = min{A, A G 
a(6)}. 

Cjie/xyioinee yTBepacflemie KacaeTCH jinHeiiHo He3aBHCHMBix nap no/inpocTpaHCTB, T.e. 
TaKHX, hto Hi PI H 2 = 0. 

YTBep>K/],eHHe 2.3. CAedymvu^ue ymeepotcdeHUH 3KeuecuieHmHM: 

(1) Hi (1 H 2 = u Hi + H 2 3aMKHymo, 

(2) HPiPall < 1, 

(3) cymecmeyem e > 0, manoe, umo \(x, y)\ ^ 1 — e 3ar npovaeojiwux x G Hi, y G 

#2, INI = IMI = 1, 

(4) cymecmeyem e > 0, manoe, umo \\x + y\\ 2 ^ £(||x|| 2 + ||y|| 2 ) 3ah npou360At>Hux 
x e H h y e H 2 , 

(5) cyu^ecmeyem e > 0, manue, umo ||(J — -Pi)x|| ^ djiH npou360At>Hozo x G H 2 . 

/JoKasameAbcmeo. PaBHocHjiBHocTB (1), (2), (3) cjie/xyeT H3 vTBepaciieHHH |2~T| 12.21 
(3)^(4). 

IlycTB BBinojiHeHO (3). Tor^a fljia npoH3BOJiBHBix x E Hi,y E H 2 HMeeM: \\x + y\\ 2 = 
\\ x \\ 2 + hW 2 + 2Re(a;,y) ^ e(\\x\\ 2 + \\y\\ 2 ). 

IlycTB BBinojiHeHO (4). PaccMOTpuM npoH3BOJibHBie x G Hi,y G H 2 , \\x\\ = \\y\\ = 1. ^jis 

npOH3BOJIBHBIX KOMnjieKCHBIX ti,t 2 HMeeM! \\tiX + t 2 y\\ 2 ^ ^(|^l| 2 + I^P), T - e - BpMHTOBa 

(1 — £ (x ?/) \ 
fy X \ 1 5 ) HeoT P Hr t aTejIbHO onpe^ejieHa. IIoBTOMy ^ 1 — e. 

(1) (5). ' 

IlycTb BBinojiHeHO (1). Torjj;a b opToroHajiBHOM pa3Jio>KeHHH H (12.4)) KOMnoHeHTa Hi fl 
if 2 OTcyTCTByeT. IlycTB x = (0, y, 0, -y/az, y/T^az) G i? 2 , Tor/j,a ||x|| 2 = ||?/|| 2 + ||z|| 2 . 
IIocKojiBKy (J - Pi)x = (0,y,0,0, \fl - az), to ||(7 - Pi)x|| 2 = ||y|| 2 + ((/ - a)z,z). Tax 
Kax 1 ^ c(a), to jj;jih HexoToporo £ > J — a ^ e 2 /, a Torjj,a ||(J — -Pi)s|| ^ 

IlycTB BBinojiHeHO (5). OneBH/jHo, Hi f]H 2 — 0. H3 npeflBiflymux paccy>Kjj;eHHH I — a ^ 
e 2 I, OTKyjj;a 1 ^ a (a). □ 

Cjie/xyioinee yTBepjKjj^eHHe Jo;oKa3aHo b [TS] fljia no,n;npocTpaHCTB npocTpaHCTBa Openie. 
Mbi npHBejj;eM npocToe ;o;oKa3aTejiBCTBo c noMorixBio cneKTpajiBHoii TeopeMBi j^jih napBi 
opTonpoeKTopoB. 06o3HannM SoolH) MHOJKecTBO KOMnaKTHBix onepaTopoB b H. 
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"YTBep>K/],eHHe 2.4. Ecau PiP 2 KOMnanmHuu, mo H1+H2 3aMKHymo u Ph 1 +h 2 = P + -P2 
(mod (H)). 

/foKasameAbcmeo. IIocKOjibKy P1P2 KOMnaKTHBiii, to dim(Pi f] H2) < 00 h a G Soo(H). 
IIocKOJibKy ker(J — a) = 0, to 1 ^ cr(a), a nosTOMy cyMMa Pi + P 2 3aMKHyTa. HMeeM: 



(v 


ijf + a 




1 1 (x{Ik — a) 


Ik 


°) 





Ik r 



ailx — a, 



Pi + P% = 2I Hl nH 2 © IhiHH^ © ^Hf-n-ffa © ^H^nH^ 

Ph 1 +h 2 — Ih\C\H<2 © I^nH^ © Ih^ciH2 ® ^H^nH^ $ 
IIosTOMy P Hi +h 2 = Pi + p 2 (mod 5 '00(H)). □ 

2.3. yCJIOBHe 3aMKHyTOCTH Pi + P 2 B TepMHHaX CBOHCTB CpyHKU,HH OT Pi,P2. 

IlycTb fi(x),f2{x),fs(x),f4 : (x) — Henpept.iBHL.ie Ha [0,1] KOMnjieKCH03HaHHBie (pyHKHHH. 
Onpe^ejiHM onepaTop 

(2.7) b = Pifi(PiP 2 Pi) + ^2/2(^2^1^2) + P1P2HP2P1P2) + P 2 Pih(PiP2Pi)- 

3aMeqaHHe 2. Ajire6pa, nopoacfleHHaa opTonpoeKTopaMH Pi,P 2 HMeeT bh,h; „4(Pi,P 2 ) — 
{b}, r^;e /1, /2, /3, /4 npo6eraioT MHOJKecTBo hojihhomob. 

CyjKeHHH onepaTopa b Ha KOMnoHeHTBi opToroHajitHoro pa3Jio>KeHHJi H (12. 4p o6o3HanHM 
bi,i, 61,0, &o,i, &o,0; CneKTp cr(6) HBjiaeTca oGte^HHeHHeM cneKTpoB onepaTopoB b^i, bi t0 , 6 ,i, &o 

Ha KOMnoHeHTe H x n P 2 Pi = P 2 = J, a noBTOMy 6^ = (/j(l) + / 2 (1) + / 3 (1) + / 4 ('l))J. 
Ha KOMnoHeHTe PiflP^ Pi = /, P 2 = 0, a nosTOMy &i j0 = /i(0)P Ha KOMnoHenre P^ f| P 2 
Pi = 0, P 2 = /, a nosTOMy 60,1 = /2(0)P Ha KOMnoHeHTe Pf 1 P) P^ Pi = P 2 = 0, a nosTOMy 
&o,o = 0. PaccMOTpHM KOMnoHeHTy K @ K. Cyacemis: opTonpoeKTopoB Pi,P 2 Ha K ® K 
paBHbi 



Pi = / J 0> \ p„ _ f a y/a{I-a) 



a nosTOMy 



H 



0/'^ V^af/-a) / 



PiP 2 =(^ ^!" fl) VM^ — 



y ' z 1 Vv a ( J - a ) 



W, = ^ o ) = aPu = \ By/ ^H a(I - a) ) = °* 

TyT yMHOJKeHHe Ha a 03HanaeT yMHoaceHHe Ha onepaTop ^ . ^jih HenpepbiBHofi Ha 

[0, 1] KOMnjieKCH03HaHHOH CpyHKHHH /(x) HMeeM: 

P 1 f(P 1 P 2 P 1 ) = f(a)P x , P 2 /(P 2 PiP 2 ) = /(a)P 2 . 
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IIoBTOMy 

b= f l (a)P 1 + f 2 (a)P 2 + h{a)P 1 P 2 + U(a)P 2 P 1 = 

= ( fi(a) + a j 2 (a) + af 3 (a) + 0/4(0) yja(l - a)(f 2 (a) + / 3 (a))\ 
V ^/a(I-a)(f 2 (a) + U(a)) (I-a)f 2 (a). J 

Onpe^ejiHM cpyHKHHH T(x) = fi(x)+f 2 (x)+x(f 3 (x)+f 4 (x)) h D(x)j= (l-x)(fi(x)f 2 (x)- 
x f 3 {x) fi{x)) , x G [0, 1]. y onepaTopHoft MaTpniiBi 2x2, 3a,aaK>HieH b, komhohchtbi KOMMy- 
TupyioT, ee onepaTopHBiii cjiefl (cyMMa flHaroHajiBHBix sjieMeHTOB ) paBeH T(a), a onepa- 
TopHbiil onpe^ejiHTejit. D(a). OnepaTop XI — b He o6paTHM Toryia h tojibko Tor^a, Kor,n;a 
onepaTopHbifi onpe^ejiHTejib onepaTopHofl MaTpniiBi 2x2, 3a,naiomeH XI — b, He oGparaM 
(cm. PS], 3a^aHa 55). 3tot onepaTopHbifi onpe^ejiHTejib paBeH X 2 I — XT (a) + D(a). Ho- 
CKOJibKy (pyHKi^HH T(x), D(x) HenpepL»iBHL»i, no TeopeMe 06 oTo6pa>KeHHe cneKTpa a(X 2 I — 
XT (a) + D(aj) = {A 2 — T(x)X + D(x), x G a(a)}. TaKHM o6pa30M, a(b) — mhojkcctbo pe- 
HieHHfl ypaBHeHHH A 2 — T(x)X + D(x) = 0, Kor^a x npoGeraeT a (a). 

CyMMa Hi + H 2 3aMKHyTa Tor^a h tojibko Tor^a, Kor^a 1 ^ a (a). Tenept mm totobbi 

CCpOpMyjIHpOBaTB KpHTepHH 3aMKHyTOCTH H\+H 2 B TepMHHaX CneKTpa b (HanOMHHM, hto b 

3a,aaH cpopMyjioil (12. 7p ). Onpe,n,ejiHM (pyHKnnio F(x) = fi{x)f 2 {x)—xfz{x)fi{x), x G [0, 1]. 

yTBep:>K,zi,eHHe 2.5. Ilycmb aiyuKuufi F(x) nc o6pauj ) aemcfi e na [0, 1). Tozda: 

(1) cyMMa Hi + H 2 3aMKHyma mosda u mojibKO mosda, nozda cyu^ecmeyem e > 0, 
manoe, umo a(b) R ({z G C, \z\ < e}\ {0}) = 0; 

(2) nycmb dono/iHume/ibHO /i(l) + /2(1) + /s(l) + fi{^) 7^ 0; cyMMa Hi + H 2 = H 
mosda u moAbno mosda, Kosda onepamop b o6pamuM. 

JJoKasameJibcmeo. ,H,oKa>KeM (1). 

Ilpe^nojioJKHM, 1 ^ a(a). Tor^,a cymecTByeT m\ > 0, rjiz KOToporo |-D(x)| ^ m 1 , x G 
a(a). CymecTByeT m 2 , Taxoe, hto ^jih npoH3BOJiBHoro x G a(a) \T(x)\ ^ m 2 . C-Tciofla 
jierxo cjie^yeT cyurecTBOBaHne HCKOMoro e > 0. 

Ilpe^nojioJKHM, 1 G cx(a). IIocKOJibKy H30JiHpoBaHHaa tohkb cneKTpa caMoconpsiJKeHHO- 
ro onepaTopa ecTB ero co6ctb6hhbim 3HaneHHeM h ker(J — a) = 0, to cymecTByeT nocjie^o- 
BaTejiBHocTB Xj G cr(a), j ^ 1, cxo^HH^aaca k 1, npHneM ^jia Bcex j ' ^ 1 xj < 1. Tenepb H3 
TeopeMBi o HenpepBiBHoii 3aBHCHMOCTH KopHeii nojiHHOMa ot ero KoecpcpHirneHTOB cjie^yeT 
cyrrj;ecTBOBaHHe nocjie^oBaTejiBHocTH Xj G <j(b) C cr(6), cxo^HiHeiicH k 0, npHneM fljia Bcex 

j > 1 A, 0. 
^oKaaceM (2). 

nycxB H 1 + H 2 = H. Tor^a Hi n ^ = 0. CneKxpBi a^,!) = + / 2 (1) + / 3 (1) + 
/ 4 (1) 7^ 0, o"(6 1)0 ) = /i(0) 7^ 0, cr(6 ,i) = ^(0) 7^ (TyT paBeHCTBa HanncaHbi npn ycjiOBHH, 
hto cooTBeTCTByiomHH cneKTp HenycToii). IIocKOJiBKy 1 ^ cr(a), to ^ IIosTOMy b 

o6paTHM. 

IlycTB 6 o6paTHM. Tor^a Im(6) = H . H3 onpe^ejieHHH b cjie^yeT, hto Im(6) C Hi + i?2- 
IIosTOMy Hi + H 2 = H. □ 
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IIpHMep 2.2. IlycTb fi(x) = f2(x) = 1, fs(x) = /a(x) = 0. Tor,n;a onepaTop b = Pi + P 2 
HeoTpHirarejieH. CyMMa H1+H2 3aMKHyTa Torjxa h tojibko Tor/i;a, Kor,n,a cymecTByeT e > 0, 
Taxoe, hto a (Pi + P2) D (0,e) = 0. CyMMa Hi + H2 = H Torn,a h tojibko Tor^a, Kor/xa 
cymecTByeT e > 0, Taxoe, hto Pi + P 2 ^ £P 

IIpHMep 2.3. IlycTB f\ = T\, f% = r 2 , f'3 = f± = 0, rne t% , r 2 — neiicTBHTejiBHBie HHCJia, 
OTjiHHHBie ot 0. Hcnojib3ys BBipanceHHe h,jih cnercrpa T1P1 + r 2 P 2 , ycjiOBHe 3aMKHyTOCTH 
Hi + if 2 mojkho ccpopMyjinpoBaTb TOHHee, neM b yTBepacneHHH 12.51 cyMMa Hi + iif 2 — 
no^npocTpaHCTBO Tor^a H tojibko Tor^a, Korjra cymecTByeT e > Taxoe, hto: 

(1) ecjin n > 0, r 2 > to a(nPi + r 2 P 2 ) n (0, e) = 

(2) ecjiH n < 0, r 2 < to a(T X Px + r 2 P 2 ) n (-£, 0) = 

(3) ecjin n, t 2 HMeioT pa3Hbifi 3HaK h 7~i + r 2 ^ to a(jiP\ + r 2 P 2 ) D (— e, 0) = 

(4) ecjin n, t 2 HMeioT pa3Hbifi 3HaK h 7~i + r 2 ^ to a(jiP\ + t 2 P 2 ) fl (0, e) = 0. 

"YTBep>K/],eHHe 2.6. Hycm'b aiynnyufi F(x) ne o6paiu ) aemcji e na [0,1). P\ + P 2 3a- 
MKHymo modda u moAbKO mosda, Kosda Im(b) 3aMKHym. 

/foKasameAbcmeo. Im(6) 3aMKHyT Torfla h tojibko Torjj;a, Korjj;a Im(6) 3aMKHyT. H3 Teo- 
peMBi ,Uyrjiaca (cm. [9j, a TaKnce pa3neji 15.11 n,aHHOH paGoTBi) cjienyeT, hto Im(6) = 
\m.(b(b)*) l l 2 . IIosTOMy Im(6) hbjihctch no/xnpocTpaHCTBOM Torfla h tojibko Tor^a, Korna 
jtjih HeKOToporo e > a(b(b)*) fl (0, e) = 0. 

1. IlycTB Hi + H2 — nonnpoerpaHCTBO, T.e. 1 ^ a(a). Tor^a onepaTop b o6paTHM, a 
nosTOMy Im(b) = H. 

2. IlycTB TenepB Hi + if 2 He HBjiaeTca nonnpocTpaHCTBOM, T.e. 1 G er(a). CymecTByeT 
nocjie^oBaTejiBHocTB Xk G cr(a), — >■ 1, npnneM Xfe < 1, k ^ 1. OnepaTopHBifi onpeflejiH- 
TejiB Gjiohhoh 2x2 MaTpHHBi, sa^aiomeli b(b)* paBeH Di(a), r,n,e Pi(x) = (1 — x) 2 |P(o:)| 2 , 
a ee onepaTopHBiii cjiejj; paBeH T\ (a) fljia HeKOTopofl (ee aBHBifl bh^ HaM He HyjKeH) Henpe- 
pBiBHoli Ha [0,1] cpyHKHHH Ti(x) . CneKTp onepaTopa b(b)* ecTB mhojkcctbo penieHHH A 
ypaBHemia A 2 — Ti(x)X + Di(x) = 0, Kor^a x npo6eraeT a (a). TenepB H3 TeopeMBi npo 
HenpepBiBHyio 3aBHCHMOCTB KopHefi nojiHHOMa ot ero Koecp(pHii,HeHTOB cjie^yeT cymecTBO- 
BaHHe nocjieflOBaTejiBHOCTH Xj G a(b(b)*), cxoflameftca K 0; npHHeM fljia Bcex j ^ 1 Xj ^ 0. 
IIo9TOMy Im(6) — He no^npocTpaHCTBo. □ 

yTBep»<;/],eHHe 2.7. npednoAootcuM, nmo Im(b) = Hi + PT 2 . Tosda Hi + H2 — nodnpo- 
cmpaHcmeo. 

JJoKasameAbcmeo. IlycTB Im(6) = Hi + H 2 . H3 TeopeMBi /lyrjiaca (cm. [9], a Taxxce pa3fleji 
15.11 jaHHoii pa6oTBi) cjieflyeT, hto cymecTByeT e > 0, Taxoe, hto b(b)* ^ £(Pi + P2). ,3,Jih 
a: G [0, 1] onpeflejiHM cjie^yiomHe (2 x 2)-MaTpHHBi: 




x(l-x)(f 2 (x) + f 3 (x)) 
(l-x)f 2 (x). 
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1 





X 



y/x(l ~ X)\ 



x(l — x) 



) 1 - x J ' 
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Tor^a^jiH Kaac^oro x G a (a) b(x)(b(x))* ^ e(P 1 (x) + P 2 (x)), a nosTOMy det(b(x)(b(x))*) ^ 
e 2 det(P 1 (x) + P 2 (x)). riosTOMy (1 - xf\F(x)\ 2 > e 2 (l - x), T.e. (1 - x)\F(x)\ 2 > e 2 rjik 
BCHKoro x G a (a) \ {1}. IIosTOMy 1 ^ cr(a), hto 03HaHaeT 3aMKHyTOCTb H 1 + H 2 . □ 

Cjie,n,CTBHe 2.1. Eo/iu im(&) = Hi + H 2 , mo Hi + H 2 — nodnpocmpaHcmeo . 

Cjie,n,CTBHe 2.2. IJycmb F(x) ne o6paw ) aemcH e na [0, 1) u H 1 C\ H 2 = 0. CyMMa 
Hi + H 2 — nodnpocmpaHcmeo mosda u moAbKO mosda, Kosda Im{b) — H 1 + H 2 . 

Cjie,n,CTBHe 2.3. Hycmt> F(x) ne o6paui ) aemcH e na [0,1) u f\(\) + f 2 (\) + fz{l) + f\{l) ^ 
0. CyMMa Hi + H 2 — nodnpocmpaHcmeo mosda u moAhno mosda, nosda Im(b) — Hi + H 2 . 

Cjie,n,CTBHe 2.4. nycmt, F(x) ne o6paiu ) aemcH e na [0, 1). CyMMa H x + H 2 — nodnpo- 
cmpaHcmeo mosda u moAbKO mosda, nosda Im{b) D (Hi + H 2 ) [\(Hi H H^ . 

B flajibHeiiineM HaM noHa^oGiiTCH cbohctbo «noHTii» ciiMMeTpiiHHocTH a(b). H3 nojiy- 
neHbix cpopMyji fljia a(b) cjie^yeT cjie^yiomee yTBepac^emie. 

YTBep>K/],eHHe 2.8. nycmb cfiyHKyuji fi(x) + f 2 (x) + x(f 3 (x) + fi(x)) = c, x G [0, 1]. 
Tosda a(b) «noumu» cuMMcmpuncn omnocumeAbHO moHKU c/2: ccau A G a (6) u A ^ 
{0,/i(0),/ 2 (0),c}, mo(c-A) e<r(&). 

3. CBEflEHHE SAflAHH nPO 3AMKHYTOCTb CYMMbl n nOflllPOCTPAHCTB K SAflAHE 
nPO 3AMKHYTOCTb CYMMbl nAPbl nOflnPOCTPAHCTB 

3.1. IlycTb Hi, ... , H n — no^npocTpaHCTBa rnjibGepTOBa npocTpaHCTBa H, P 1 , . . . , P n - 
cooTBeTCTByiomHe opTonpoeKTopbi. 

BBe^eM b paccMOTpeHHe riuib6epTOBo npocTpaHCTBo X = H © . ^ . © H y OnpeflejiHM b 

n 

HeM no^npocTpaHCTBa A = {(x, . . . , x), x G H}, a Taioice no^npocTpaHCTBo H = Hi © 
... © H n . CooTBeTCTByiomHe opTonpoeKTopbi imeioT bh,h 

'It 1 j > 



P s = diag(Pi, . . .,P n ). 



IloCKOJIbKy 



A x = {(xi, . . .,£„), x fc G if, 1 < fc < n, ^ a: fc = 0} 



fe=i 



TO 



A ± + H = {(xi,...,x n ), J2 x k eHi + ... + H n }. 



k=l 



OTcio^a BbiTexaeT cjie,nyK)iH,ee yTBepjK^eHHe: 

YTBep>K/],eHHe 3.1. Ylk=i ^ 3aMKnymo mosda u moAt>Ko mosda, Kosda A ± + H 3aMKny- 
mo. Ylk=i Hk = H mosda u moAbno mosda, Kosda A 1 - + H = X . 
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fljisi Toro, hto6bi Bocnojib30BaTt.c3 KpiiTepiieM 3aMKHyTocTii cyMMbi napbi no/inpocTpaHCTB, 
paccMOTpHM onepaTop 

(sr^ n p sr^ n p 

X^ n P X^ n P 

(p + + p \ 
j . Hcnojib3ya cneKTpajibHyio 

TeopeMy fljia napbi opTonpoeKTopoB Pa, Pg, HecjioxcHO nojiynnTb a(P&±Pg) = {1 — a, a G 
f Pi + + P \ 

a I ] } c tohhoctbio ToneK 0,1. HcnojiB3ya yrBepjKflemie I2.1[ nojiynaeM 



n 

cjie/iyioiirHH KpiiTepiift 3aMKHyTocTii cyMMBi n no/xnpocTpaHCTB. 

yTBep:>K,zi,eHHe 3.2. Hi + . . . + H n 3a,MKHymo mozda u moAbKo mozda, Kosda cymecmeyem 
e > 0, maKoe, umo cr{P\ + . . . + P n ) PI (0, e) = 0. 



H3 yTBep>K^;eHH3 13. 2\ a Taioice Toro, hto nsojinpoBaHHaa Tonxa cneKTpa caMoconpa- 
>KeHHoro onepaTopa aBjiaeTca ero co6ctb6hhbim 3HaneHneM, cjie/xyeT, hto Y^=i H^ = H 
Torfla h tojibko Tor^a, Kor^a Y^=i Pk oGparaM. 

3aMeHaHHe 3. yTBepacneHne I3T21 mo?kho nojiynnTb pa3JinnHbiMH cnoco6aMn, HanpnMep: 

(a) HcnojiB3yH TeopeMy P. /Jyrjiaca (cm. pa3^eji[5]), 

(b) ^ocTaTOHHo noKa3aTB, nro earn H\ + . . . + H n — H, to Pi + . . . + P n o6paTHM. 
Onpe^ejiHM onepaTop A : ®^ =1 Hk — >■ H paBeHCTBOM A(xi, . . . , x n ) = J2k=i x k- Torjj;a 

Im(y4) = H, a nosTOMy A* — rooMopcpHoe BjioaceHHe (T.e. ^ ^ll^ll, x & H j\jm 

HeKOToporo e > 0), AA* o6paTHM. IIocKOJiBKy A*x = (P x x, . . . , P n x), x G H, to onepaTop 
A A* = P x + . . . + P n o6paTHM. 

IIpHBe^eM HeKOTopBie ^ocTaTOHHBie ycjioBns fljia Toro, htoGbi H\ + . . . + H n Gbijio 3a- 

MKHyTO. 

IIpHMep 3.1. IlycTB A = A(P\, . . . , P n ) — ajire6pa, nopoac^eHHaa Pi, . . . , P n . Ilpeixriojio- 
jkhm, hto dirndl < 00. Tor^a fljiH sjieMeHTa stoh ajireGpbi Q = Pi + . . . + P n cymecTByeT 
HeHyjieBofi nojinHOM R(z), fljia: KOToporo R(Q) = 0. IIosTOMy a(Q) coctoht H3 KOHenHoro 
nncjia Tonex, a nosTOMy H x + . . . + H n — no^npocTpaHCTBo. 

B KanecTBe npuMepoB npHBe^eM Taxne cncTeMbi no^npocTpaHCTB: 

(1) nycTB opTonpoeKTopbi Pi, . . . , P n nonapHO KOMMyTupyioT. Tor^a dim^t ^ 2 n — 1. 
B 3tom cjiynae a (Pi + . . . + P n ) G {0, 1, . . . , n}. 

(2) IlycTB cucTeMa Hi, ... , H n ecTb npocToli n-Koii no^npocTpaHCTB, cB33aHHofl c ^e- 
peBOM G (cm. [28]). Tor^a dim A ^ n 2 . 

Tenepb, Hcnojib3y3 KpnTepnn 3aMKHyTOCTH cyMMBi napbi no^npocTpaHCTB, mojkcm no- 
jiyHHTB KpHTepHH 3aMKHyTocTH cyMMBi Ti ncflnpocTpaHCTB. Ha^HeM c npHMepa. 

IIpHMep 3.2. CyMMa Hi + . . . + H n = H Tor^a h tojibko Tor^a, Kor^a cymecTByeT 
e > 0, Taxoe, hto P A ± + Pjj six- Bo3BMeM x = (xi, . . . ,x n ) G X. Torjo;a ycjioBHe 
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((-Pa 1 - + Ph) x i x ) ^ ^IMI 2 npHHHMaeT bhjj; 

J2\\P kXk \\>>hj2x k f-(l-e) £ 



n 

fc=i fc=i \fc=i 



3.2. KpHTepnii 3aMKHyTOCTH cyMMbi no,zi,npocTpaHCTB b TepMHHax hx opToro- 
Hajit.Ht.ix ^onojiHeHHii. CyMMa Hi + . . . + H n = H Tor/xa h tojibko Tor/xa, Korjj;a 
A 1 - + H = X. IIocKOJibKy jijiji nojjnpocTpaHCTB M\,M2 Mi + Mi 3aMKHyTo Tor/ra h 
tojibko Tor/xa, Kor/xa M-j 1 + M% 3aMKHyTo, to nocjieJXHee ycjioBiie paBHociijiBHo cjiepym- 
nxeMy: AdH 1 - = 0n A + H 1 - 3aMKHyTo. B cnjiy yTBepacjieHHg l2T3l nocjiejiHee paBHocujiBHo 
cymecTBOBaHHio Si > 0, Taxoro, xto ||(J — Pa)^|| 2 ^ ^lll^ll 2 R ns npoH3BOJiBHoro x G H L . 
Bo3BMeM x = (xi, . . . , x n ), Xi G Hj- , 1 ^ i ^ n. Tor/xa HepaBeHCTBO — -Pa)^!! 2 ^ ^lll^ll 2 
mojkho 3anncaTb b Bn/xa 



n 1 n ^ 

X] ii Xfc ii 2 — ii 5Z Xfc " 2 ^ ii Xfe ii 

fe=l k=l k=l 



XTO paBHOCHJIBHO 



2j \\xi - Xj\\ 2 > nei 2J ll^fcll 2 - 

i<j fc=l 

TaKHM o6pa30M, ^fe=i ^fc = ^ Tor^a h tojibko Torjj;a, Korjj;a cynxecTByeT e > 0, Taxoe, 

HTO ^JI3 npOH3BOJIBHBIX Xfc G i?^", 1 ^ k ^ K 

n 

(3.1) 11^ - Xj\\ 2 > ^y^ iix fc |i 2 . 

i<j fc=l 

^ajiee T o6o3HaHaeT HeopiieHTiipoBaHHBiH rpacp c MHoacecTBOM BepuniH V(r) = {1,2,... 
06o3HaHHM xepe3 E(T) MHOJKecTBO pe6ep T. By/xaM nucaTB % ~ j, ecjiH % coe/xiffleHO c j. 

yTBep>K/],eHHe 3.3. Tlycmb T — C6H3HUU dpacfi. Ymeepdoiceuusi paenocujibHu: 
(2) cyu^ecmeyem e > 0, manoe, umo djifi npou360M>Hux Xk G H^r, 1 ^ k ^ n 

n 

^ 1 1 x i Xj || ^ E ^ 1 1 X k 1 1 . 

{jj}es(r) fc=i 

JJ,oKa3ameAbcmeo. (2) =>• (1) oxeBii/xHo. 

(1) =>■ (2) LlycTB i j. riocKOJiBKy T CB5i3eH, to cymecTByeT nyTB % = i(0) ~ z(l) ~ 
i{m) = j. Torjo;a 



m l m—1 

\\Xi - Xj\\ 2 ^ (^J ||Xi( fc+ i) - X i(fc )||) 2 < m 22 \\ X i(k+l) - x i(k)\\ 2 - 
k=0 k=0 

TenepB H3 HepaBeHCTBa ( 13 .ip nojiy^HM Tpe6yeMoe yTBep>Kjj;eHHe . □ 
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IlycTb, HanpHMep, E(T) = {{1, 2}, {2, 3}, . . . , {n — 1, n}}, T.e. r — uent. H3 yTBep>K^;e- 
hh2 13.31 cjie/jyeT, hto cyMMa H\ + . . . + H n = H Tor^a h tojibko Tor^a, Kor^a cyme- 
CTByeT e > (yMeHbineHHoe e H3 yTBepjK^eHHH I3.3[) . Taxoe, hto npoH3BOJit.Ht.ix 
Xfc G if^r , = 1, 1 ^ k ^ n, h ^;jih npoH3BOjiBHBix 4 6 C, 1 ^ fc ^ He paBHBix 

oja;HOBpeMeHHO 0, BBinojmeHO 

n— 1 n 

^ HtftZfc - 4+i^fc+i|| 2 > |4| 2 . 
fe=l fe=l 
3to ycjioBHe paBHocnjiBHo nojiojKHTejiBHOH onpejj;ejieHHocTH spmhtobo MaTpHHBi 



/ 1 



e 







\ 



-{x 2 ,x 1 ) 








V 







/ 



-(x 1 ,x 2 ) 
2-e -(^2,^3) 
-(x 3 ,x 2 ) 

2 £ x n ) 
-(x n ,x n _i) 1 - £ 

Hcnojib3yH KpHTepnn CnjiBBecTpa, mojkho nojiynnTB Heo6xo,HHMBie h jj;ocTaTOHHbie ycjio- 
bh2 nojiojKHTejiBHofl onpejj;ejieHHocTH Aq. 

IIpHMep 3.3. IlycTB n — 3. CyMMa Hi + H 2 + H 3 = H Torjj;a n TOJibKo Torjj;a, Korjj;a 

sup{|(xi,x 2 )| 2 + |(x 2 ,x 3 )| 2 , x k G H k , \\x k \\ = 1, k = 1,2, 3} < 2. 

,H,ajiee mh 6yn,eM paccMaTpiiBaTB rpacpBi V c nojiojKHTejiBHBiMn BecaMn Ha pe6pax. 3to 
3HaHHT, hto Ka>Kjj;oMy pe6py e = {i, j} G E(T) conocTaBjieHo hhcjio 7 e > 0, KOTopoe mbi 
6yn;eM o6o3HanaTB 7^ = 7^. ^jih BepniHHBi i onpejj;ejiHM pi = J2j~iJi,j- 

YTBep>K/],eHHe 3.4. Ilycmb Y — cesi3Huu zpacfj c noAOCHcume/ibHUMU eecauu na pe6pax. 
ymeepcHcdeHua paenocuAbHu: 

(2) cyu^ecmeyem e > 0, manoe, umo Bar npou360At>Hux x k G H^r, 1 ^ k ^ n 
(3.2) x - " ■■ • 51 v ' ^ - lM • 112 



2 XI 7ij 1(^,^)1 < ^{Pi- £ )\\ x i 



i=l 



/foKasameAbcmeo. (2) 



0,i}es(r) 



1) ^Jis npoH3BOJiBHBix Xfc G -ff^, 1 ^ k ^ n HMeeM: 

n 

2 = 112 



8=1 



2 X 7 i>i Re(x i ,x i ) ^ 
0,i}es(r) 



i=l 



i=l 



-2 X 7ul(s 

H3 yTBep>K^;eHHH 13.31 cjiejj;yeT, hto Y^k=i^k = H. 

(1) ^> (2) ,H,OKa>KeM Tpe6yeMoe yTBep>Kja;eHHe HHjj^yKi^HeH no |J5(r)|. HaHMeHtniee bo3- 
MOJKHoe 3HaneHHe |-E(r)| paBHO n — 1, h ja;ocTHraeTC5i Torja;a h tojibko Tor^a, Kor^a T — 
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^epeBo. H3 vTBepacjeHHg l3~3l cjienveT. hto cymecTByeT e > 0, Taxoe, hto fljia: npoH3BOJib- 
hbix i/k G if^r BBinojmeHo: 

n 

{i,j}e£(r) i=i 

T.e. 

n 

(3.3) 2 £ ^-Re^^^E^- 6 )!!^!! 2 - 

{ij}eB(r) i=i 

3a(pHKcnpyeM npoH3BOJibHbie Xk G i?^, 1 ^ A; ^ B HepaBeHCTBO (13. 3p no^cTaBHM 
= e llpk Xki r^e G BL IIocKOJibKy T — ^epeBo, to (p^ mojkho BbiGpaTb Tax, hto (y^, yi) = 
\(xk,xi)\ ecjiH k ~ i. Tor,n,a H3 HepaBeHCTBa ( 13. 3 p cjie^yeT Tpe6yeMoe. 

Bbiiiojihhm HH^yKu,HOHHbiH nepexo,n. IlycTb \E(T) | ^ n. Tor^a b T ecTB hhkji ii, i 2 , . . . , i m 
if. ~ ifc+i, 1 ^ A; ^ m (TyT i m+1 = ij.). ^jih = 1,2, ... , m o6o3HaHHM T fc rpacp, nojiy- 
HeHbifi H3 T y^ajieHiieM pe6pa {i^, ik+i}- 5Icho, hto T^. cBH3eH. Beca 7^ Ha pe6pax 
onpe^ejiHM cjie,n;yioiirHM o6pa30M: ecjiH pe6po {i, j} HBjiaeTCH pe6poM HHKjia {i p ,i p+ i}, to 
Tj-j = 7jj, HHane 7^. = m ^li,j- H3 npe^rnojioaceHHs: HH/xyKHHH cjie^yeT, hto cymecTByeT 

6k > TaKOe, HTO ^JIH Tfc BBinOJIHeHO HepaBeHCTBO ( 13. 2p . YMeHblUHB £fc, MOJKHO CHHTaTb, 
HTO Ei = . . . = E m = E. npOH3BOJIBHBIX Xi G -ffj 1 HMeeM! 

n 

{ij}es(r fe ) i=i 
npn6aBHB 3th HepaBeHCTBa rjik k — 1, 2, . . . , m, nojiynHM HepaBeHCTBO 

n 

2(m-l) £ 7»,jl(^)^)l < E(( m ~ ~ rae)INH 2 - 
{i,j}eE(T) i=i 

Pa3flejiHB ero Ha m — 1, nojiyHHM TpeGyeMoe yTBepxc^eHHe. □ 

4. JlHHEHHO HE3ABHCHMHE CHCTEMbI nOflnPOCTPAHCTB 

Onpe/i,ejieHHe 4.1. no^npocTpaHCTBa Xi, ...,X n GaHaxoBa npocTpaHCTBa X jihhchho 

He3aBHCHMBI , eCJIH H3 

n 

2^ x j = 0; x j ^ Xj, 1 ^ j ^ n 
j'=i 

cjiejxyeT xi = . . . = x n = 0. 

B 3tom pa3^;ejie mbi 6yn;eM H3ynaTb n-KH no^npocTpaHCTB c 3aMKHyTofi cyMMofi c ^;o- 

nOJIHHTejIbHblM yCJIOBHeM JIHHeHHOH He3aBHCHMOCTH n-KH. CBOHCTBO JIHHeHHOH He3aBHCH- 
MOCTH «XOpOHIO COHeTaeTC3» CO CBOHCTBOM 3aMKHyTOCTH CyMMbl. KaK Mbl yBH^HM B 3TOM 

pa3^;ejie, HexoTopbie cBoiicTBa u-ok, HeBepHbie TOJibKo npn ycjioBHH 3aMKHyTocTH cyMMbi, 

CTaHOBHTCH BepHblMH npH ^OnOJIHHTejIbHOM yCJIOBHH JIHHeHHOH He3aBHCHMOCTH. 
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Otmcthm, hto npn n ^ 3 3aflana 06 onncaHHe HenpHBoniiMBix n-OK opTonpoeKTopoB c 

TOHHOCTBK) HO yHHTapHOH SKBHBajieHTHOCTH Hpe3BBIHailHO CJIOJKHa (CM. HanpHMep [19j). 

IIosTOMy «xoponiero» npeflCTaBjiemis: (THna npencTaBjieHHH II. XajiMoina fljia napBi no,a;- 
npocTpaHCTB) n-KH no^npocTpaHCTB npn n ^ 3 HeT. O/XHaKo HeKOTopbie npen,CTaBjieHH5i 
j^jih jihhchho He3aBHCHMBix n-OK no^npocTpaHCTB c cyMMOH H cymecTByioT (cm., Haiipn- 
Mep, [23J). B yKa3aHHoli pa6oTe Hcnojib3yeTca, ho He npKa3aHo, hto ecjin Hi, . . . , H n — 
jihhchho He3aBHCHMBie no^npocTpaHCTBa H h Hi + . . . + H n = H, to fljia: Bcex 1 ^ k ^ n 
cyMMa Hi + . . . + if & 3aMKHyTa. 3to npocTo bochojihhtb c noMonxBio cjie^cTBHH 14. ip . 

IIpHBe^eM HecKOJibKO npHMepoB ycjiOBHH, npn bbihojihchhh KOTopBix no^npocTpaHCTBa 
Hi, ... , H n jihhchho He3aBHCHMBi, a hx cyMMa 3aMKHyTa. 

IIpHMep 4.1. HycTB Hi, ... , H n — HeHyjieBBie nonnpocTpaHCTBa rnjiBGepTOBa npoerpaH- 
CTBa H, Pi, . . . , P n — cooTBeTCTByrouxHe opTonpoeKTopBi, n, . . . , r n — nojioncHTejiBHBie hhc- 
jia. npennojiOHCHM, fljia HeKOToporo 7 > BBinojmeHO T\P\ + . . . + T n P n ^7/. IIoKa>KeM, 
hto ecjin 

(4.1) 7 < 

n — 1 

to Hi, ... , if n jihhchho He3aBHCHMBi, a hx cyMMa 3aMKHyTa. 

IIocKOJiBKy Hj 7^ 0, 1 ^ j ^ Ti, to Tj ^ 7, 1 ^ j ^ n. OnpeflejiHM noixnpocTpaHCTBa 
Mfc = H 1 + . . . + iffc, 1 ^ ^ n IIpoBo^,H paccy>K^;eHHH, aHajiorHHHbie npKasaTejiBCTBy 
jieMMBi 2 b [25J, nojiyHHM: fljia Bcex 1 ^ k ^ n BBinojiHeHo: T1P1 + . . . + r^Pk ^ (ti + 
. . . + 77 — [k — l)j)PM k . IIoncTaBHB b sto HepaBeHCTBo k = n h Hcnojib3y5i HepaBeHCTBo 
(14. ip . nojiyHHM, hto Hi + . . . + H n — noixnpocTpaHCTBo. IIoKaHceM, hto Hi, ... , H n jihhchho 
He3aBHCHMBi. npejxno jiojkhm , hto cymecTByeT x G H n n (Hi + . . . + H n _i), x 7^ 0. Tor^a 

H3 HepaBeHCTB 

n-1 



7||x|| 2 ^ {{nPi + ... + T n _iP n _i)x,x) + r n (P n x,x) ^ C^r k - (n - 2)7)||x|| 2 + r n 



\x 



|2 



fc=l 



En 



nojiynaeM: 7 ^ — , npoTHBopeHHe. H3 coo6pa:sceHHH chmmctphh HMeeM: jj,jih Bcex 

71 — 1 

1 ^ 2 ^ n ffj PI ^7) = 0' TITO H Q3HanaeT jiHHeifflyio He3aBHCHMocTb . . . , H n . 

OueHKa (14. ip fljiH 7, npn bbihojihchhh KOTopoii Hi, ... , H n jihhchho He3aBHCHMbi h hx 
cyMMa 3aMKHyTa, Boo6iHe roBopn, HeyjiyHHiaeMa. B pa6oTe |25| noKa3aHo, hto b rHjiB6ep- 
tobom npocTpaHCTBe H = C n_1 cymecTByioT onHOMepHBie nonnpocTpaHCTBa Hi, . . . ,H n , 

flJIH KOTOpBIX Pi + . . . + P n — HCHO, HTO Hi, ... , H n JIHHCHHO 3aBHCHMbI. 

IIpHMep 4.2. |13| LlycTB X, Y, Z — 6aHaxoBBi npocTpaHCTBa, T : X — > Y, S : Y — > Z- 
jiHHeiiHBie HenpepBiBHBie onepaTopbi. npe^nojio>KHM, hto ST : X — > Z — H30MopcpH3M. 
Torji;a Im(T) — no^npocTpaHCTBo; noji;npocTpaHCTBa Im(T) h ker(S') jihhchho He3aBHCHMBi 
h hx cyMMa paBHa Y. 

4.1. KpHTepHft 3aMKHyTOCTH cyMMbi jiHHeiiHO He3aBHCHMbix no^npocTpaHCTB. 
IIpHMepbi ero Hcnojib30BaHHa. 
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TeopeMa 4.1. IJycmt, X\, . . . , X n — nodnpocmpancmea 6anaxoea npocmpancmea X. Cnpa- 
eed/iueu ymeepotcdenuH: 

(1) ccau djisi neKomopoeo e > djisi ecex Xj G Xj, 1 ^ j ^ n eunoAneno: 

\\xi + . . . + x n \\ > £(||xi|| + . . . + ||x„_i||) 

mo Xi, . . . , X n Auneuno He3aeucuMU u ux cy.u.ua — nodnpocmpaHcmeo . 

(2) ecAu Xi, . . ., X n — Auneuno ne3aeucuMue nodnpocmpancmea, X 1 + . . . +X n — nod- 
npocmpancmeo, mo cymecmeyem e > 0, ma-Koe, umo dA.n ecex Xj G Xj, 1 ^ j ^ n 
eunoAneno: 

\\x 1 + . . . + x n \\ ^ e(||a:i|| + . . . + ||a;„||). 

JJoKasameAbcmeo. ^OKasceM (1). Hcho, hto Xi, . . . ,X n jiimeftHo He3aBHCHMbi. IiOKaaceM, 
hto X 1 + . . . + X n — noflnpocTpaHCTBO. IlycTb Xk,i + . . . + x k , n — > z, j\e x k}i G Xj, k ^ 
1, 1 ^ % ^ n. IIocKOJibKy 

n— 1 

\\(x k ,l + ■ ■ ■ + X k>n ) - (Xi tl + ... +Xi )n )|| ^ \\ X k,i - x l,i\\> 

i=l 

to npii 1 ^ % ^ n — 1 nocjie^oBaTejibHocTb {xk,i, k ^ 1} cpyH^aMeHTajibHa, a noTOMy 
%k,i — > x i £ Xj. IIo3TOMy nocjieflOBaTejiBHocTb Xk, n — > x n £ X n . Tor^a 

OTKyna cjie^yeT 3aMKHyTocTb X 1 + . . . + X n . 

^OKaaceM (2). Ha npocTpaHCTBe X 1 © . . . © X n onpe^ejiiiM Hopiviy ||(xi, . . . , x n )\\ = 
Y^i=i IWI' OTHocHTejibHo KOTopofi npocTpaHCTBo GaHaxoBo. PaccMOTpiiM onepaTop A : 
X± © . . . © X n — >■ X± + . . . + X n onpe^ejieHHbifl paBeHCTBOM A(x\, . . . , x n ) — x\ + . . . + x n . 

OneBH^Ho, A HBjiHeTCH jiHHeiiHbiM HenpepbiBHbiM onepaTopoM Meac^y 6aHaxoBBiMii npo- 
CTpaHCTBaMii, npnieM A — 6iieKu,H5i. IIo TeopeMe BaHaxa A o6paTHM, oTKy^a Henocpefl- 
CTBeHHo cjie^yeT HyjKHoe HepaBeHCTBo. □ 

3aMeHaHHe 4. BMeero ^2™ =1 1|^«|| HHor^a ynoGriee paccMaTpiiBaTb 3KBHBajieHTHyio Bejin- 
HHHy 

n 

||a;j|| p )p, 1 < p < oo. 

i=i 

Tor^a ycjioBiie 3aMKHyTocTii X\ + . . . + X n h jiiiHeflHoii He3aBiiciiMocTii X\ , . . . , X n HMeeT 
BHfl: 



^.\\p 



iiE-.ii p ^ En 

j=l \i=l 

^jih HeKOToporo e > ii Bcex x\ G Xi, . . . , x n G X n . 

Cjie,n,CTBHe 4.1. IJycmt, X ± , . . . , X n — Auneuno nc3aeucu.uuc nodnpocmpancmea 6anaxo- 
ea npocmpancmea X u cyMMa Xi + . . . + X n — nodnpocmpancmeo. Todda 3ah npou3eoAb- 
H030 na6opa undeKcoe . . . , i(k) cyMMa X^ + . . . + X^) ~ nodnpocmpancmeo. 
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Cjie^CTBHe 4.2. Hycm'b Xi, . . . , X n — auhcuho nc3aeucuMue nodnpocmpaHcmea 6anaxo- 
ea npocmpancmea X u cyMMa X\ + . . . + X n — nodnpocmpancmeo. Hycm^ 3ah nawcdoso 
1 ^ k ^ n nodnpocmpancmeo Yf. C X k . Tosda Y\ + . . . + Y n — nodnpocmpancmeo. 

Cjie^cTBHe 14. H noKa3MBaeT. hto npn ycjioBHH jihhchhoh He3aBHCHMocTH H3 3aMKHyTocTH 
cyMMbi Bcex no^npocTpaHCTB cjie^yeT 3aMKHyTocTB cyMMbi jiioGoro no^HaGopa. Ecjih He 
HaKjia^biBaTb ycjioBHH jihhchhoh He3aBHCHMocTH, to 3to yTBep>K^;eHHe HeBepHo. Bojiee 
Toro, cnpaBe^jiHBO cjie^yromee yTBepac^eHHe. 

yTBep»<;/],eHHe 4.1. 06o3nanuM N n = {1, 2, . . . , n}. Hycm'b Mnootcecmeo {I C N n , |/| ^ 
2} pa36umo na dee uacmu I c u I nc . Tosda cyu^ecmeymm euAb6epmoeo npocmpancmeo H u 
n-na nodnpocmpancme Hi, ... , H n e neM manue, umo ccau I G I c mo X^/e/ Hj 3aMKnyma, 
a ccau I G I nc mo Yljel He 3aMKnyma. 

/foKa3ameAt>cmeo. 1. CHanajia nocrpoHM npHMep rHjib6epTOBa npocTpaHCTBa H h ero 
no^npocTpaHCTB Hi, ... , H n , TaKHX, hto fljia npoH3BOJibHoro |/| ^ n — 1 cyMMa Yljei Hj 
3aMKHyTa, a H\ + . . . + H n He 3aMKHyTa. ,Hjih k ^ 1 b npocTpaHCTBe C ra Bbi6epeM opTo- 
HopMHpoBaHHBili 6a3Hc e\, . . . , e n , h onpe^ejiHM Ha6op o^HOMepHbix no^npocTpaHCTB 

Hi t k = (ei), . . . , H n _i )k = (e n -i),H n>k — (ei + ... + e n _i + ~^ e n)- 

Jlerxo BH^eTb, hto rHjTb6epTOBo npocTpaHCTBo H = ® ^ C n h Ha6op no^npocTpaHCTB 
Hj = ©^ =1 Hj )k , 1 ^ j ^ n o6jia^;aioT Hy>KHbiMH cBoficTBaMH. 

2. ^OKaaceM yTBep>K^;eHHe HH,zryKHHeH no n. IIpH n = 2 yTBepjK^eHHe ohcbh^ho. Bbinoji- 
hhm HH^yKi^HOHHBiii nepexo,n;. npe,n;nojio>KHM, hto {1,2, ... ,n} G I c . J^jir n rHjitGepTOBbix 
npocTpaHCTB Li, . . . ,L n onpe^ejiHM H = L\ © ... L n , onpe^ejiHM 

Hj = Rj^i ffi • • • © Rj j—i © Lj © Rj j-]-i © ... © Rj,n 

fljis HeKOToptix no^npocTpaHCTB Rj^ C Lj. Ohcbh^ho, if i + . . . + ii n = ff. OcTajiocb Bbi- 
6paTB no^npocTpaHCTBa {i?^^}, hto6bi BBinojiHajincb Bee HyjKHBie ycjiOBHa. OnKcnpyeM 
npoH3BOJiBHoe 1 ^ m ^ n. Ha no^npocTpaHCTBa R^ m , j ^ m Hajio>KHM Taxne ycjio- 

BH3: eCJIH MHOJKeCTBO / C N„\ {m} eCTB SJieMeHTOM I c , TO 2~2j£l Rj,rn 3aMKHyTa, eCJIH / 

aBjiseTca 3jieMeHTOM I nc , to cyMMa Yljei Rj,m He 3aMKHyTa. H3 HH^yKi^HOHHoro npe^nojio- 
jKeHHH cjie^yeT, hto cymecTByeT rnjibGepTOBo npocTpaHCTBo L m h Ha6op no^npocTpaHCTB 
Rj,m, j ^ m c HyacHBiMH cBoficTBaMH. OneBH^Ho, nocTpoeHHaa n-xa Hi, ... , H n rHjib6ep- 
TOBa npocTpaHCTBa H o6jia^;aeT HyjKHBiMH CBoficTBaMH. 

IlycTB TenepB {1,2, ... ,n} G I nc . Bo3BMeM rHjiB6epTOBo npocTpaHCTBo K h Ha6op nofl- 
npocTpaHCTB Ki, . . . , K n b HeM Taxne, hto rjik Bcex mhojkcctb I C N n , |/| ^ n — 1 cyMMa 
Yljei 3aMKHyTa, a cyMMa K\ + . . . + K n He 3aMKHyTa. J\jik rnjibGepTOBbix npocTpaHCTB 
Li, . . . ,L n onpe,n;ejiHM H = Li@...@L n @KvL no^npocTpaHCTBa 

Hj = Rj^i © • • • ffi Rjj—i © Lj © Rjj+i © ... © Rj,n © Kj 

,n,jia HeKOTopbix no^npocTpaHCTB R^ j C Lj. Ohcbh^ho, cyMMa H\ + . . . + He 3aMKHyTa. 
^Jia (pHKcnpoBaHHoro 1 ^ m ^ n Ha6op no^npocTpaHCTB Rj^ m , j 7^ m npocTpaHCTBa L m 
(h caMo L m ) BbiGnpaeTca aHajiorHHHo npe^bi^yH^eMy cjiynaio. □ 
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AHajioroM npeflbmymero yTBepjK^eHHH fljiH JiHHeHHo He3aBHCHMbix no,n;npocTpaHCTB, c 
yneTOM cjie,n;cTBHH 14. 1[ ecTB cne^yromee yTBepacflemie. 

yTBep^c^eHHe 4.2. Hycm-b n ^ 2. Tlycmb MHOMcecmeo {I C N n , |/| ^ 2} pa36umo 
na dee nacmu I c u I nc , npuueM eunojineno CAedymu^ee ycAoeue: ecAU A,B C N n , |A| ^ 
2, 1 5 1 ) 2, A C B u B G J c; mo A £ I c . Tosda cyw^ecmeyem suAb6epmoeo npocmpancmeo 
H , u Auueuuo nesaeucuMue nodnpocmpaHcmea Hi, ... , H n e neM, manue, umo ecAU I G I c 
mo Yljci Hj 3aMKHyma, a ecAU I G I nc mo Yljei He 3aMKHyma. 

floKasameAhcmeo. IIojiojkhm N = 2 n — 1 — n. 3aHyMepyeM sjieMeHTBi MHOJKecTBa {I C 
N n , \I\ ^ 2} HHCJiaMH ot 1 ro N, T.e. {/ C N n , \I\ ^ 2} = {Ji, . . . , 7/v}- rnjiB6epTOBo npo- 
cTpaHCTBo if h jiHHeiiHo He3aBHCHMBie no^npocTpaHCTBa Hi, ... , H n b h€?m 6ya,eM HcxaTb 
b cjie^yiomeM BH^e: 

Hi = Ri A © ... © Rijr, l^i^n, H = R 1 ®...® R N , 

r^,e fljia Ka>K^;oro 1 ^ j ^ N R^j, 1 ^ % ^ n ecTB no^npocTpaHCTBa rnnbGepTOBa npo- 
CTpaHCTBa Rj. IIoKa:>KeM, kbk hx BbiGpaTb, htoGm BbinojiHHjiHCb TpeGyeMbie ycjioBHH. <J>hk- 
cupyeM 1 ^ j ^ N h nycTB J 3 - = ■ ■ ■ ,i{s)}. IIpe^nojioJKHM, hto Ij G I nc . 17pH pp- 

Ka3aTejiBCTBe npe^byryinero yTBepjK^eHHH mh noxasajiH, hto cymecTByioT rnjibGepTOBo 
npocTpaHCTBo K h jiHHeflHo He3aBHCHMBie no^npocTpaHCTBa Ki, . . . , K s b HeM TaKHe, hto 
X^ e j if; 3aMKHyTa fljia Bcex Jc {1,2,..., s}, \ J\ < s, a cyMMa i^x + • • • -\-K s He 3aMKHy- 
Ta. IIojiojkhm Rj = K, Ri(i)j = Ki, . . . , Ri( s ),j — K s , ocTajiBHbie Rij = 0. npeflnojioxaiM, 
hto Ij G i c . Tor^a nojioxcHM Rj = C 1 , Rij = ... = _R„j = 0. Jlerxo BH^eTb, hto no- 
cTpoeHHbie TaKHM o6pa30M no,n;npocTpaHCTBa Hi, ... , H n rnjibGepTOBa npocTpaHCTBa H 

yHOBJieTBOpfllOT BCeM HyjKHbIM yCJIOBHHM. □ 

IlpHBefleM HecKOJibKo npHMepoB Hcnojib30BaHH5i TeopeMbi 14.11 

IIpHMep 4.3. IlycTb X, Y — 6aHaxoBbi npocTpaHCTBa, ai, . . . , a n : X — > Y TaxoBbi, hto 
onepaTop a = Y^k=i a k o6paTHM. Tor^a no^npocTpaHCTBa Xi = P| .^ker(o 3 -), 1 ^ i ^ n 

JIHHefiHO He3aBHCHMbI h hx cyMMa 3aMKHyTa. 

floKasameAhcmeo. IlycTb Xi G Xi, 1 ^ % ^ n. PaccMOTpHM npoH3BOJibHoe 1 ^ k ^ n. 
Toryia 



\ a k\\ II ^ ll a fc x fcll = \\ ax k\\ ^ \\a 1 \\ 1 \\xk 

i=l 



IIpH6aBHB nojiyneHbie HepaBeHCTBa ^jih k = 1,2, . . . ,n, H3 TeopeMbi 14. II nojiyHHM HyjKHoe 
yTBepac^eHHe. □ 

B nacTHocTH, ecjiH Y^=i Hk — H , to Y^=i o6paTHM, a nosTOMy no^npocTpaHCTBa 
Mfc = Hi^fc H-ti ]- k ^ n jiHHeHHo He3aBHCHMbi h hx cyMMa 3aMKHyTa. 

IIpHMep 4.4. IIoKaJKeM cbh3b Mexc^y onepaTopaMH c KOHeHHbiM cneKTpoM h CHCTeMaMH 
jiHHeHHo He3aBHCHMbix no^npocTpaHCTB c cyMMoii H. IlycTb A : H — > H — jiHHeiiHbiH 
HenpepbiBHbiH onepaTop c KOHeHHbiM cneicrpoM cr(A) = {Ai, . . . , A n }. IlycTb T^, 1 ^ k ^ 
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ft — oKpy>KHocT£> ^ocTaTOHHo Majioro pa^nyca c i^eHTpoM b Afc. HanoMHHM, hto npoeKTo- 
poM Pucca, cooTBeTCTByiomHM H30JinpoBaHHOH TOHKe cneKTpa Xk, Ha3bmaeTca onepaTop 

R k = ^~ [ R(z,A)dz = 7 ^ f {zI-AyUz. 
2ki J Vk 2m J Tk 

Xopoino H3BecTHO (cm. HanpiiMep [27]), hto Rk ^ npii Bcex k, R\ = Rk, a TaioKe 
RiRj = npn i 7^ j, cyMMa R\ + . . . + R n = I. 

Onpe^ejiHM Hk = lm(Rk),l ^ k ^ n. OneBUflHo, Hi, . . . , H n — HeHyneBBie jiFmeft- 
ho He3aBHCHMBie no^npocTpaHCTBa, cyMMa kotopbix paBHa H. CnpaBe^jiHBo h o6paTHoe 
yTBepjK^eHHe. 

YTBep>K/],eHHe 4.3. Ilycmb {Ai, . . . , X n } — MHOotcecmeo n komuackchux nuce/i, Hi, . . . , H n 
uenyjieeue JiuHeuno ue3aeucuMue nodnpocmpancmea H , cyMMa nomopux paena H. To- 
dda HaudemcR Auneunuu Henpepuenuu onepamop A : H — )■ H co cnenmpoM a (A) = 
{Ai, . . . , A n } ; 3jui Komopogo H k ecmt, nodnpocmpancmeoM Pucca, coomeemcmeymu^uM \ k 
djisi ecex 1 ^ k ^ n. 

/JoKasamejibcmeo. Kaac^Bifi x G H o^HosHanHo npe^cTaBjiaeTCH b BH^e x = Y^l=i x k^ 
rflfi Xk G Hk, 1 ^ k ^ n. Onpe^ejiHM Q^x = Xk, Tor^a H3 TeopeMBi 14.11 cjienyeT. hto Qk 
orpaHH^eH. 

Onpe^ejiHM jiiiHeftHBiii HenpepBiBHBiii onepaTop A : H — )■ H paBeHCTBOM Ax = XiQi + 
. . . + \ n Q n . HHane roBopa, ,h;jih x = xi + . . .+x n , Xi G Hi, 1 ^ i ^ n, Ax = A1X1 + . . . + X n x n . 
OneBH^Ho, a(A) = {Ai, . . . , A n }. fljia tohkh Xk, 1 ^ k ^ n cooTBeTCTByromHH npoeKTop 
Pucca paBeH 



Rk 1 

2m 



hI^ I - A >' ldz = hlt^ 1 h Q ' dz=Ql 



r- 

a no3TOMy cooTBeTCTByiouxee no^npocTpaHCTBO Piicca paBHO H^. □ 

IIoKaJKeM HecKOjiBKO npiiMeHeHHH TeopeMBi 14. II una rajiBGepTOBa npocTpaHCTBa H. 

IIpHMep 4.5. IlycTb Hi, ... , H n — no^npocTpaHCTBa rnjiB6epTOBa npocTpaHCTBa H . Ccpop- 
MyjinpyeM ycnoBiie hx jiHHefiHofl He3aBHCHMocTH h 3aMKHyTocTH hx cyMMBi. 3to paBHo- 

CHJIBHO CymeCTBOBaHHK) E > 0, TaKOrO, HTO npOH3BOJIBHBIX fleHCTBHTejIBHBIX HHCejI 

tl, . . . , t n G R, He paBHBIX OflHOBpeMeHHO 0, H flJIH npOH3BOJIBHBIX Xk G Hk, \\Xk\\ = 1, 1 ^ 

k cnpaBe^JiHBO HepaBeHCTBO \\tiXi + ... +t n ^n|| 2 > £ {ti + ■■■+tf l ). IIocTaBjieHoe ycjioBHe 
paBHOCHJiBHO nojiojKHTejiBHoli onpe^ejieHHOCTH ^eflcTBHTejiBHoii CHMMeTpHHHoii MaTpHn;Bi 

/ 1 — e Re(xi,x 2 ) ... Re(xi,x n ) \ 

. Re(x 2 ,a;i) 1-e '•■ : 

= 

\Re(x n ,xi) ... Re(x n ,x n -i) 1-e ) 



20 



M.C.OemeHKO 



Hcnojib3ya KpnTepnii CnjiBBecTpa, mojkho nojiyniiTB Heo6xo^HMt>ie h ,nocTaTOHHBie ycjio- 
bhh ,zyiH nojiojKHTejibHofi onpe^ejieHHocTH A-r. B nacTHocTH, npn n = 2 HMeeM ycjio- 
Biie |Re(xi,X2)| < 1 — e, KOTopoe paBHociuiBHo ycjioBHio: |(xi,X2)| < 1 — e fljia Bcex 
Xj G Hj, \\xj\\ = l,j = 1,2. 
Ilpn n = 3 HMeeM ycjiOBHa: 

(1) \Re(x 1 ,x 2 )\ <l-e 

2 

(2) (Re(xi,x 2 )) 2 +(Re(a;2,a;3)) 2 +(Re(x3,Xi)) 2 < (l-e) 2 +- — -Re(x 1 ,x 2 )Re(x 2 ,x 3 )Re(x 3 , 

AHajiornHHo mojkho ccpopMyjiiipoBaTB ycnoBiie jiHHeftHofi: He3aBHciiMocTii h 3aMKHyTo- 
cth cyMMBi no^npocTpaHCTB Hi, ... , H n , cHHTasi Hiicjia ti, . . . ,t n KOMnjieKCHBiMii . Tor,n;a 
npnxo^HM k ycjioBHio nojioJKHTejiBHoii onpe^ejieHHOCTH spmhtoboh MaTpnuBi 

/ 1 - e (xi,x 2 ) • • • (xi,x n ) \ 

{x 2 ,xi) l-e '■■ : 



\(x n ,xi) 

HcnojiB3y5i KpiiTepiiii CnjiBBecTpa, mojkho nojiyHHTB HeoGxo^HMBie n ,nocTaTOHHBie ycjio- 
bhh ^jih nojioJKHTejiBHoii onpe^ejieHHOCTH Aq. B nacTHOCTH, npn n = 3 HMeeM ycjioBHa: 

(1) |(xi,x 2 )| < 1 - e 

2 

(2) |(ari,x 2 )| 2 + |0r 2 ,x 3 )| 2 + |(^3, ^i)| 2 < {l-e) 2 + — -Re({x u x 2 )(x 2 , x 3 )(x 3 , Xi)). 

IIpHMep 4.6. LlycTB H — rnjiB6epTOBo npocTpaHCTBo, n > 2. LlycTB ^jih Ka>K^;oro k = 
1, . . . ,n {ek, s , s G Z} — opTOHopMnpoBaHHaa cucTeMa b if. LlycTB H& — noflnpocrpaHCTBo, 
nopo>K^;eHHoe CHCTeMoii {ek, s , s G Z}. 

HcnojiB3yH npe^bi^yiuHH rrpuMep, Hafi^eM ,n;ocTaTOHHBie yciiOBHH, npn kotopbix nofl- 
upocTpaHCTBa Hi, ... , H n jiiiHeftHo He3aBiiciiMBi, a hx cyMMa Hi + . . . + H n 3aMKHyTa. 

fljia. Ka>Kfloro uejioro p h hh^ckcob i ^ j, 1 ^ i, j ^ n onpe^ejiHM 



«i,i, P = sup \{e itk ,e jt i)\. 
i—k=p 

OueBH^Ho, hto a.i,j, p = &j,i~p- JX^ Ka>K^;oii napBi i ^ j, 1 ^ i,j ^ n onpe^ejiHM = 
^pgz^j'.p- npe,ri;nojio>KHM, hto < oo ^jih Bcex i ^ j. 

LlycTB fljia k = 1, . . . ,n HMeeM Xk = XLez x M e M G Hk, npnneM ||xfc|| = 1. 3to 03Hana- 
eT, hto Yl s \ x k,s\ 2 — 1- HcnojiB3yji HepaBeHCTBO Kohih- ByHHKOBCKoro , nojiyniiM, hto npn 



OTcio^a |Re(xj, Xj)\ ^ f3 it j npn i ^ j. 



A^n ti, 



i tn G 



paccMOTpHM KBa^paTHHHyio cpopMy 

% ^t k tiRe(x k ,xi) ^ - ^2(3k,i\t k \\ti\. 
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OTcio^a cjie^yeT, hto ecjiH cymecTByeT e > 0, fljia KOToporo MaTpnija 

fl-e -/3i, 2 ••• -Pi, n \ 
_ -/? 2 ,i 1 - e ... : 

\—fln,l ■ ■ ■ —Pn,n-l ^ ~ £ / 

nojio>KHTejibHo onpe^ejieHa, to no^npocTpaHCTBa Hi, ... , H n jiHHeiiHo He3aBiiciiM£>i h hx 
cyMMa sBjiaeTca no^rnpocTpaHCTBOM. B nacTHocTH, earn max^^j, /3k,i) < 1, to sto ycjio- 
BHe BbinojiHeHo (npn e < 1 — 018x^(^,^/3^)). 

Cjie^yioirj;HH npHMep MOTHBHpoBaH pe3yjiBTaTaMH pa6oT [12] h j2]. K coacajieHHio, b pa- 
6oTe p2] ecTB oihh6kh. Ha c.184 onpe^ejieHHe F(AnB) = F 1 (A)F 2 (B) fljiH A E T x , B E 7 2 
Boo6m,e roBopn, HexoppeKTHO, nocKOJibKy MHOJKecTBO mojkct ^onycxaTb pa3JiHHHbie npefl- 
CTaBjieHHH b BH^e A n B, A E J 7 !, B E J- 2. KpoMe Toro, Hajio>KHB ^onojiHHTejibHbie ycjio- 
BH2 Ha <7-ajire6pbi J-%,J-2, hto6bi onpe^ejieHHe P CTajio KoppeKTHbiM (Taxoe ycnoBHe mm 
npHBO^HM b cjie^yromeM npHMepe), fljiH npo,n;oji:>KeHHH no KapaTeo^opn Ha^o noxasaTb, 
hto P ecTb Mepofl Ha nojiyajireGpe V = {An B, A E Fi, B G J^}. 

IIpHMep 4.7. (SaMKHyTocTb cyMMbi MaprHHajibHbix no^npocTpaHCTB) IlycTb (fl, J 7 , P) - 
BepoHTHocTHoe npocTpaHCTBo, . . . , J- n — cr-ajire6pbi, npnneM JFj C J 7 , K j ^ fi. By- 

^eM rOBOpHTb, HTO J-"-H3MepHMbie KOMnjieKCH03HaHHbI6 CJiyHaflHbie BejIHHHHbl £ H 1] 9K- 

BHBajieHTHbi, ecjin P{£ 7^ t]} = 0. Onpe^ejiHM npocTpaHCTBo H k&k MHoacecTBo KjiaccoB 

SKBHBajieHTHOCTH BCeX J-"-H3MepHMbIX KOMnjieKCH03HaHHbIX CJiyHaffflblX BejIHHHH £, flJIH 

KOTopbix J n |£| 2 <iP < oo h J n ^dP = 0. Tor,n,a H — rnjibGepTOBo npocTpaHCTBo othoch- 
TejibHo cKajiapHoro npoH3Be,n;eHH5i (£,77) = J„£j]dP. J\jik KajK^oro 1 ^ % ^ n nycTb Hi — 

MHOJK6CTBO KJiaCCOB 3KBHBajI6HTHOCTH H3 H, B KOTOpblX eCTb XOTH 6bl OflHa .Fj-H3MepHMaH 

cjiynaHHaa BejniHHHa. Jlerxo BH^eTb, hto Hi — no^npocTpaHCTBo H. Hi Ha3bmaioT Map- 
rHHajibHbiM no^npocTpaHCTBOM H. Hama uejib: noxasaTb, hto ecjin cymecTByeT e > 0, 
Taxoe, hto fljia npoH3BOJibHbrx A\ E T\, . . . , A n E T n 

(4.2) P(A X n...n J 4 n )> eP(Ai) . . . P(A n ), 

to Hi, . . . , H n jihh6hho He3aBHCHMbi h hx cyMMa — no,zrnpocTpaHCTBo. HTax, ^ajiee cHHTa- 
eM, hto BbinojiHeHo HepaBeHCTBo (14.2 j) . Hepe3 P n o6o3HanHM npo^aKT-Mepy P x x P^ 

n 

Ha H3MepHMOM npocTpaHCTBe Q n = fl x x c <7-ajire6poH J 7 . . . eg) (nopojK,n,eHHOH 

n n 

H3MepHMbiMH 6pycaMH Ai X . . . X An, A, e J, 1 < i < n). 

JleMMa 4.1. nycmb X h Y { E 1 < i < n u Xi n . . . n X n C Y x D . . . n y n - Tbg^o 

P n ((X x x . . . x X n ) \ (Yi x . . . x Y n )) = 0. 

/foKasameAbcmeo. LIocKOjibKy Xi H . . . fl X n C Y\ D . . . D 1^, to ^jih KaJK^oro 1 ^ z ^ n 
Xi n . . . n Xi-i n (Xi\Yi) n X w ... n X n = 0. H3 HepaBeHCTBa ( 14"72|) cjie^yeT, hto 
P n (X! x ... x Xj_i x (Xj \ Fj) x X i+1 ... x X n ) = 0. OTcio,n;a cjie^yeT Hy>KHoe. □ 
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OnpeflejiHM Kjiacc mhcokcctb V = {X\ Pi ... Pi X n , Xi G J~i, 1 ^ i ^ n}. OneBH^HO, P - 
nojiyajire6pa. Onpe^ejiHM (pyHKinno mhcokcctb Q Ha V paBeHCTBOM 

Q(x 1 n . . . n x n ) = p(xo . . . P(x n ) = p n (Xx x . . . x x n ). 

B cHJiy jieMMBi 14.11 Q onpe^ejieHa KoppeKTHo. Mbi noKaxeM, hto Q — Mepa Ha V. J\jik 
SToro HaM Hy^KHa cneflyiomaH jieMMa. 

JleMMa 4.2. Ilycmb Muootcecmea X^j G J-j, l^k^t, l^j^n. Tozda 

t ^ t 

P n {{jx Kl x ... xX Kn ) ^ -P(|Jx M n...nx M ). 

k=l k=l 

floKasameAbcmeo. IIpe^cTaBHM MHoxcecTBo Ut=i -^k,i x . . . x X k)n b BH^e U* =1 y,i x . . . x 

Yi tn , Tflfi MHOJKeCTBa Yij G J-j, 1 ^ I ^ S, 1 ^ j ^ n, H MHOJKe CTB a Y;^ X ... X Y"; n , 1 ^ / ^ s 

nonapHo He nepeceKaioTca. HMeeM: 

i s 

Pn(|J X ... X X Kn ) = Pn(|J^l X • • • X *U) = 

k=l 1=1 

s s 



= P n(^,l >< • • • >< Y l,n) ^ ~ P ( Y ^ n • • • n ^ = 

1 S 1 * 

= -P(|J y,,! n . . . n y,„) = -P(|J x k>1 n . . . n x fc , n ), 

1=1 k=l 
HTO H Tpe6oBajIOCB ^OKa3aTB. □ 

TenepB noKaaceM, hto Q HBjiaeTca Mepofi Ha V. IIpe^nojiojKHM, hto 

oo 

A 1 n...nA n = U(A M n...nA fe , n ), 

fe=i 

r^e A,-, Afcj- G J-j, 1 ^ j ; ^ n, k ^ 1 h MHoxcecTBa Ak t i D ... D k ^ 1 nonapHo He 
nepeceKaioTCJi. Onpe^ejiHM Ha fl n cpyHKHHH 

oo 

. . . ,x n ) = IUi(zi) . . .I An (x n ), F 2 (x h ...,i n ) = y^I^ fcl (xi) . . .l Akn (x n ). 

k=l 

IIoKajKeM, hto F\ = F2 noHTH Bcio^y oTHocHTejiBHo P n . ,T[,Ji5i 3Toro npe,n;nojio>KHM, hto 
fljia sjieMeHTa (x±, . . . ,x n ) F\ 7^ F 2 . Bo3mo>khbi cjie^yioiHHe BapnaHTBi: 

(1) F 1 = 0,F 2 > 1, 

(2) F 1 = 1,F 2 >2, 

(3) F 1 = 1,F 2 = 0. 

MHOJKeCTBO (Xi, . . . , X n ), flJIS KOTOpblX BbinOJIHeHO (1) HMeeT BHfl 

00 n 

(J (J{A ki i x ... x A fc|i _i x \ Aj) x Afcj+i x ... x A k , n ), 
k=lj=l 
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KOTopoe, b CHjiy ji6mmm 14.11 HM66T P n -Mepy 0. 

MHOJKecTBo sjieMeHTOB (xi, . . . , x n ), fljia kotopbix HMeeT MecTo BTopoli eirynaH, Bjio>KeHo 

B MHOJK6CTBO 



(J((A M n A hX ) x ... x (A k>n n A,, n )), 



fc>« 



KOTopoe, Kax cjie^yeT H3 (14. 2p . HMeeT P n -Mepy 0. 

OcTajiocb noKa3aTB, hto MHoacecTBo sjieMeHTOB , rjik kotopbix HMeeT MecTo TpeTHH Ba- 
pnaHT, HMeeT P n -Mepy 0. 3to mhojkcctbo paBHo Ax x . . . x A n \ {JT =1 ^k,i X . . . x A kjH . 
HMeeM (HanoMHHM, hto N t = {1,2, ... ,t}): 



P n I Ai x . . . x A n \ (J x . . . x A k 

V k=l 

lim P n f At x . . . x A n \ I J A fc) i x ... x A 



fc,n 

fc=l 



lmP B j |J (At \ |J A M ) x . . . x (A„ \ |J A fc , n ) ] ^ 
/iU-U^=Nt keh kei n 



^ lim Jp |J (A \ |J a m ) n ... n (4A |J Afc ^ 
= lim -p ( A x n . . . n An \ I J A kA n . . . n A fc> „ ) = 
= lim ip I |J A kA n . . . n A, n j = o. 

HHTerpnpysi paBeHCTBO F± = F2, BBinojiHeHoe nomn Bcio^y othochtcjibho P„ no MHOJKe- 
CTBy Q n h Mepe P„, nojiynHM 

00 

Q(Ai n . . . n An) = Q( a m n • • • n A k,n)- 



k=l 



TaKHM o6pa30M, mbi noKa3ajiH, hto Q — Mepa Ha V. Q HMeeT e^HHCTBeHHoe npoflojDKemie 
Ha cr-ajire6py Q = cra(J r i, . . . , J- n ) C T. IlpH stom P(A) ^ eQ(A), A e Q (nocKOJiBKy 
3to HepaBeHCTBo BBinojiHeHo fljia MHOJKecTB A = A\ n . . . n A n , Aj G Tj, 1 ^ j ^ n). 
Taxace oTMeTHM, hto ecjiH £j ecTB J-j-H3MepHMaH cjiynaHHan Bejinnima, HHTerpnpyeMaa 
no P (1 ^ j ^ n), to BejiHHHHa £1 . . . £„ (?-H3MepHMa h HHTerpnpyeMa no Mepe Q, npnneM 



f £i...£ n dQ= [ &dP... f £ n dP. 

Jn Jvl Jo, 
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Tenept y>Ke jierxo noKa3aTt, hto Hi, ... , H n jmiieHHO H63aBHCHMt>i h hx cyMMa 3aMKHy- 
Ta. IlycTb £j G Hj ecTb J-"j-H3MepHMa5i cjiynaHHaa BejiHHHHa (1 ^ j ^ n). HepaBeHCTBo 

Ui + ... + U\ 2 ^e{\\i 1 \\ 2 + ... + U n \\ 2 ) 

paBHocHjibHo HepaBeHCTBy 

/ \£i + ... + U 2 dP >e [ \^ + ... + U\ 2 dQ, 
Jn Jn 

KOTOpoe, OHeBH^HO, BbinOJIHeHO. 

3aMeqaHHe 5. IiojiyneHBiH pe3yjibTaT mojkho npHMeHHTb b cjie^yromeM cjrynae: nycTB 
(Qj, Qj) — H3MepiiMoe npocTpaHCTBo (1 ^ j ^ n). IlycTb fi = x . . . x Q n , h a-ajire6pa 
T = Q\ ® ■ ■ ■ <E> Q n - Onpe^ejiHM <7-ajire6py 

Tj = {^i x ... x flj-t x Aj x £lj + i x ... x Q n , Aj G Qj} 

fljia Bcex 1 ^ j ^ n. Onpe^ejiHM MaprHHajitHyio BepoaTHocTb Pj Ha (Qj,Qj) (1 ^ j ^ n) 

paBeHCTBOM 

Pj(A,) = P(fii x ... x ilj-i x Aj x Qj + i x ... x Q n ), G £/j. 

Ecjih cymecTByeT e > 0, Taxoe, hto rjis npoH3BOJiBHbix A\ G Q\, . . . , A n G £ n 

P(Ai x . . . x A n ) > eP 1 {A 1 ) . . . P n {A n ), 

to MaprHHajitHbie no^npocTpaHCTBa Hi, ... , H n (b HaineM cnynae Hj ecTb mhojkcctbo 
(KjiaccoB sKBHBajieHTHocTn) cjiyHaftHbix BejiHHHH £(x\, . . . , x n ) = f]{xj), r^e t] C/j-HBMepiiMa) 
jihhchho He3aBHCHMti, a hx cyMMa — no^npocTpaHCTBo. 

4.2. Cbohctbo o6paTHoro HamiyHiuero npn6jiH>KeHH5i CHCTeMBi no/i,npocTpaHCTB 
riuiL.6epTOBa npocTpaHCTBa. IlycTb H — rnjibGepTOBo npocTpaHCTBo, Hi, 1 ^ i ^ n — 
CHCTeMa ero no^npocTpaHCTB c cooTBeTCTByiomHMH opTonpoeKTopaMH Pj. 

Onpe,n,ejieHHe 4.2. ByneM roBopnTB, hto n-xa no^npocTpaHCTB Hi, . . . , H n HMeeT cboh- 
ctbo oGpaTHoro HanjiyHinero npnGjuDKeHiia othochtcjibho Ha6opa jiHHefiHbix HenpepbiB- 
hmx onepaTopoB A^, 1 ^ i ^ n, ecjin 

(1) lm(Ai) cH i7 l^i^n, 

(2) pjm npoH3BOjiBHtix Ui G Hi, . . . ,u n G PT„ Hafl^eTca x G if TaKofi, hto A^x = 
Mfc, 1 ^ k ^ n. 

CncTeMbi ncflnpocTpaHCTB, oGjia^aiomiie cbohctbom o6paTHoro HaHjiyninero npn6jiH- 
>KeHHa oTHocHTejibHo = Pi, H3yHaioTC5i b [7]. ,H,ajiee mm npeflnojiaraeM ycjioBHe (1) 
onpe^ejieHHa 14.21 BBinojmeHbiM. 

Onpe^ejiHM onepaTop A : H — > ©J! =1 paBeHCTBOM Ax = (AiX, . . . , A n x), x & H, to- 
r,n;a . . . , y n ) = Y^k=i ^kVk- CncTeMa no,n;npocTpaHCTB Hi, 1 ^ i ^ n o6jiaflaeT cboh- 

ctbom oGpaTHoro HaHjiyniuero npn6jiH>KeHH3 othochtcjibho A iy 1 ^ i ^ n Tor^a h TOJibKo 
Tor^a, Kor^a Im(A) = ®2 =1 H^, hto paBHocHjibHo TOMy, hto A* HBjiaeTca H30MopcpHbiM 
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Bjio>K6HHeM (T.e. ||^4*2/|| ^ y ^ ©fc=i-^fc flJis HeKOToporo e > 0). IIocjieflHee paBHo- 

chjibho cymecTBOBaHHio e > Taxoro, hto fljis npoH3BOJiBHBix yi £ Hi, 1 ^ i ^ n, 

n n 

(4-3) Hl>M >e£ W 

fe=i fc=i 

(mm nepeiiiJiH k 3KBHBajieHTHOH HopMe). 

yTBep>K/],eHHe 4.4. CucmeMa nodnpocmpancme Hi, 1 ^ i ^ n oBAadaem ceoucmeoM 
o6pamno20 nauAynuieeo npu6Auwcenufi omnocumeAbno na6opa onepamopoe Ai, 1 ^ i ^ n 
mozda u moAbno mozda, nozda eunoAnenu cAedytou^ue dea ycAoeun: 

(1) A* k \n k — u30Mop<fmoe eAootcenue, 

(2) nodnpocmpancmea A k (H k ), 1 ^ k ^ n Auneuno neaaeucuMU u ux cyMMa 3aMKny- 
ma. 

/(oKasameAbcmeo. =>■ H3 HepaBeHCTBa 14.31 cjiejyeT. hto \\A* k y k \\ ^ £||l/fc||> Vk G ^fc; T - e - 
^fc t-fffc HBjiaeTca H30MopcpHBiM Bjio>KeHHeM. IIosTOMy A* k {H k ) — no^npocTpaHCTBO. C no- 
moiu;bio HepaBeHCTBa 14.31 jierxo nojiynHTB (2). 

•<= H3 (1) cjiejyeT, hto cymecTByeT e\ > Taxoe, hto fljia /c = 1,2, ... ,n, y k e 
BbinojiHeHo H^yjfell ^ H3 (2) cjiejyeT, hto cymecTByeT e 2 > 0, Taxoe, hto ^jia 

npoH3BOJiBHBix z% G A*(i^j), 1 ^ % ^ n BBinojiHeHO || X^r=i 2; *ll ^ £ 2 X/I=i 11^*11 • Tor^a fljia 

IipOH3BOJIBHBIX t/j 6 ffj, 1 ^ ! ^ n, HMeeM 

n ?i ?i 

||^A*^II ^^^114*^11 ^ 2 ^INI, 

i=l i=l i=l 

OTKy^a cjiejyeT Tpe6yeMoe yTBepacfleime. □ 

yTBep>K/],eHHe 4.5. nycmb kei{A k ) = ker(A* k ), 1 ^ k ^ n. CucmeMa nodnpocmpancme 
H k , 1 ^ k ^ n o6Aadaem ceoucmeoM oBpamnoso nauAynuieso npuBAUwcenun omnocu- 
meAbno na6opa onepamopoe Ak, 1 ^ k ^ n moeda u moAbKO mosda, nozda eunoAnenu 
CAedytou^ue dea ycAoeun: 

(1) a k = A k \ Hk : H k ->■ H k o6pamuM, k = 1, 2, . . . , n, 

(2) Hi, . . . , H n Auneuno ne3aeucuMU u ux cyMMa 3aMKnyma. 

JJoKasameAvcmeo. 0thocht6jibho opToroHajiBHoro pa3Jic»KeHHH H = H k © H k onepaTop 
A k = a k © H ± . 

=>- H3 npe^Bi^ymero yTBepac^eHHa cjiejyeT, hto a* k HBjiaeTca H30MopcpHBiM BjioxceHHeM. 
IIo9TOMy lm(a k ) = H k . IIocKOJiBKy ker(A k ) = ker(Al), to ker(a k ) = ker(a^) = 0. IIosTOMy 
a k oGpaTHM. Cjie^oBaTejiBHo, a* k Taxace o6paTHM, Im(a^) = H k . H3 yTBepjK^eHHa 14.41 
cjiejyeT, hto Hi, ... , H n jiHHefiHo He3aBHCHMBi h hx cyMMa 3aMKHyra. 

CjiejyeT H3 yTBep>K^i;eHH3 14.41 □ 

IIpHMep 4.8. IlycTB A k = P k , 1 ^ k ^ n. CncTeMa no^npocTpaHCTB Hi, . . . , H n o6jia^;aeT 
CBoiicTBOM oGpaTHoro HaHjiyninero npnGjiHJKeHHa othochtcjibho P k , 1 ^ k ^ n Tor,n;a h 
tojibko Tor^a, Kor,n;a Hi, ... , H n jthhchho He3aBHCHMBi h hx cyMMa 3aMKHyTa. 
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^pyrne KpiiTepiiH toto, hto Hi, . . . ,H n o6jia^;aeT cbohctbom o6paTHoro HanjiyHiiiero 
npn6jiH>KeHHa OTHOCHTejitHO Pj., 1 ^ k ^ n cm. b [7], TeopeMa 2.8. Otmbthm, hto sth 
KpnTepiiH cjie^yiOT Henocpe^cTBeHHO H3 npHBe,n;eHHoro KpiiTepiiH h KpiiTepneB 3aMKHyTO- 
cth cyMMbi napbi no^npocTpaHCTB. 

4.3. CneKTpajibHbie CBoiicTBa jiHHeftHOH kom6hhei.li,hh opTonpoeKTopoB Ha jih- 
HeiiHO He3aBHCHMbie no^npocTpaHCTBa Hi, ... , H n c cyMMoft Hi + . . . + H n = H. 
IIpH HsyneHHH cneKTpajiBHBix cbohctb JiHHeftHOH KOM6nHau,Hii opTonpoeKTopoB HaM 6yn;eT 
Hy>KHo cjieflyiomee yTBepac^eHne. 

yTBep>K/],eHHe 4.6. nycmu Hi, ... , H n — nodnpocmpaHcmea H , ai, . . . , a n — noAOOtcu- 
meAbHue hucacl. CAcdymwxic ymeepofcdenusi aKeueaAenmnu: 

(1) 3ah npou360AbHux Xj G Hi, 1 ^ % ^ n, cnpaeedAueo: 

\\xi + . . . + x n \\ 2 ^ — ||xi|| 2 + . . . + — ||x n || 2 

Oil Ol n 

(2) Hi, . . . , H n auhcuho ne3aeucuMu u a(atiPi + . . . + a n P n ) D (0, 1) = 0. 

/JoKasameAbcmeo. (1) =>- (2) OneBimHo, Hi, . . . , H n jiHHefiHo He3 aBHCHMH . fl^m x £ H 
nojiojKHM Xi = oiiPiX, 1 ^ i ^ n. Tor^a HMeeM: 



i=i j=i 



n 3TOMy (ELl ai^) 2 > ET=1 ^ T ' e - +;• • + n (°> X ) = ' 

(2) ^ (1) HCHO, HTO YJk=l H k 3aMKHyTO H Ylk=i a kPk ^ Pffi+...+ff«- IIoSTOMy #1 + 

. . . + if n = Im(aiPi + . . . + a n P n ). IIosTOMy fljia npoH3BOJibHbix Xi G Pj, 1 ^ i ^ n 

CymeCTByeT X E H, flJIS KOTOporO Q^fe=l a kPk)X = Yuk=l X k- ^3 JiHHeftHOH He3aBHCHMOCTH 

. . . , H n cjie/oyeT x fc = a^P^x, 1 ^ k ^ n. IIoBTopaa paccyac/^eHHH (1) =>- (2), nojiyHHM 
HyjKHoe. □ 

Cjie/i,CTBHe 4.3. Hycmb Hi, . . . , H n — auhcuho nc3aeucuMue nodnpocmpaHcmea H , ati, . . . , a Ti 
noAOOKumeAbuue hucacl. Ecau aiPi + . . . + ct n P n is el, mo 3ah npou3eoAt>Hux (nonapno 
pasAUHHUx) undencoe ■ ■ ■ , i(s) 

«t(i)-Pi(i) + • • • + ai(s)Pi(s) > eP Him +...+H i(3) 

(u3 CAedcmeufi \4-l\ CAcdycm 3aMKHymocmb + . . . + H^). 

HacTHbifi cjiynaii cjie^yioin;ero yTBepxc^eHHsi (fljia «i = . . . = a n = 1) ccpopMyjinpoBaH 

b [2D]. 

yTBep:>K,zi,eHHe 4.7. Hycmb Hi, . . . , H n — nenyAeeue auhcuho nesaeucuMue nodnpocmpaH- 
cmea H , oil, ■ ■ ■ , oi n , e — noAOOKumeAbHue uucAa. Ecau aiPi + . . . + a n P n ^ el, mo 

it 



aiPi + . . . + a n P n ^ (^J «i - (n - l)e)I. 
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/foKasameAbcmeo. Cpa3y otmcthm, hto fljia Bcex 1 ^ i ^ n BBinojmeHo: «j ^ e. J^o- 
KaaceM Tpe6yeMoe yTBepjK^eHHe HH^yKirxieii no n. Ilpa n = 2 oho cjie,n;yeT 113 cbohctb 
cneKTpa jihhchhoh kom6hh&uhh ^Byx opTonpoeKTopoB (cm. VTBepacjeHHe [278]) . C^ejiaeM 
mar HH^yKi^Hii. IlycTB a\P\ + . . . + a n+ iP n+ i ^ el. Tor,n;a 

a x P x + . . . + a n P n ^ eP Hl+ ,„ +Hn , 

a nosTOMy H3 npe^nojioaceHHa HH^yKunn: 

n 

aiPi + . . . + a n P n ^ «i - (n - l)e)P Hl+ ... +Hn . 

i=i 

IIosTOMy 

(y]<*i -in- l)e)P Hl+ ... +Hn + a n+1 P n+ i > el. 
Hb cbohctb cneKTpa jihhchhoh KOMGHHaHHH flByx opTonpoeKTopoB: 

n n+1 

(2Jaj - (n- l)e)P Hl +...+H n + a n+1 P n+1 < (^a* - ne)J, 

i=l i=l 

a nosTOMy 

n+l 



aiPi + • • • + a n+ iP n+ i ^ (JJJ Oi - ne)I, 



HTO H TpeGoBajIOCB ROKaS&Tb. □ 

Cjie^CTBHe 4.4. Piycmb H x , . . . , PT n — neny/ieeue nodnpocmpaHcmea H , ai, . . . , q„, e - 

nojiowcumejibHue nuc/ia. ITpednojiowcuM, umo a x P± + . . . + a„P n ^ el, u 3ar Henomopux 
t ^ n — 1 undeKcoe i Hif] Ylj^i Hj = 0- P° 2 ^ a 

n 

«iPi + . . . + « n p n ^ C22 a i - t£ ) L 

i=l 

J^OKasameAhcmeo. Mojkho cnnraTB, hto HH^excaMH H3 ycjiOBHH hbjihiotch 1, . . . ,t. 
IIo^npocTpaHCTBa H x , . . . , H t , H t +i + . . . + H n jihhchho He3aBHCHMbi h 

n 

a x P\ + ■■■ + a t P t + ( a i) P H t+1 +...+H n > eL 

i=t+l 

IIoBTOMy 

n n 

a x P x + . . . + a t P t + ( J2 a i) P H t+ i+...+H n ^(J2 a ' l ~ te ) J ' 

i=t+l i=l 

OTKy^a cjie^yeT HyjKHoe. □ 
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4.4. «CBe,a,eHHe» CHdeMbi no^npocTpaHCTB Hi,. . . ,H n k jiHHefiHO He3aBHCHMoft 
CHCTeMe no/],npocTpaHCTB c coxpaHeHHeM cyMMbi no,axipocTpaHCTB. IlycTB Hi,Hi~ 
no^npocTpaHCTBa rHjiB6epTOBa npocTpaHCTBa H. Onpe^ejiHM Mi = H\ h M 2 = H2 (Hi R 
if 2 ). Tor^a no^npocTpaHCTBa Mi, M 2 jiHHeiiHo He3aBHCHMBi h cyMMa Mi + M2 = Pi + i7 2 . 
TaKHM o6pa30M, HMea napy no^npocTpaHCTB, mbi mojkcm hx «yMeHBHiHTB» JiHHefiHO 
He3aBHCHMBix, He MeHHH cyMMBi. B 3tom pa3,n;ejie Mbi ,n;oKa>KeM aHajioriiHHoe yTBepayreHiie 

RJIK npOH3BOJIBHOH Tl-KH IICfllipOCTpaHCTB. 

TeopeMa 4.2. JJjui namcdozo n ^ 2 cyu^ecmeyem nocmoHHHaH c n (0 < c n < 1) c manuM 
ceoucmeoM: ecAU Hi, ... , P„ — nodnpocmpaHcmea H u < £ < 1 manoe, umo Ph 1 + • • • + 
Pff„ ^ £/ ; mo cyv^ccmeywm nodnpocmpaHcmea M 2 , . . . , M n manue, nmo: 

(1) Affc C Hk djifi ecex 2 ^. k ^ n, 

(2) nodnpocmpaHcmea Hi, M2, . . . , M n auhcuho nesaeucuMU, 

(3) P Hl + P M2 + eP M3 + ... + e n ~ 2 P Mn > c n e n -H. 

^Jia ^,OKa3aTejiBCTBa TeopeMBi 14.21 HaM HyacHa cjieflyrouias: jieMMa. 

JleMMa 4.3. nycmt> Hi,H2 — nodnpocmpaHcmea H. ffjui npou360At>H020 < e < 1 cy- 
mecmeyem nodnpocmpancmeo M 2 C H 2 , manoe, umo: 

(1) Hi + M2 — nodnpocmpancmeo 

(2) 3(P Hl + Pm 2 ) + el> P Hl + P H2 

(3) Phx + Phl 2 ^ T-Pffi+Ma- 

/JonasameAbcmeo. /locTaTOHHo ^OKa3aTB yTBepxc^eHHe jicmmbi fljis cjiynaH, Kor^a H = 
K © K pjisi HeKOToporo mjiBGepTOBa npocTpaHCTBa K, a opTonpoeKTopBi 



a(I-a) I -a ) ' " 2 \0 

fljia HeKOToporo caMoconpaxceHHoro onepaTopa a : K — )■ P, ^ a = a* ^ /, ker(a) = 
ker(J — a) = (cm. nojipa3Jieji 12. ip . 

Tor^,a Pi = {(y/ax, \/I — ax), x G P}, P2 = {(^0), x G X}. PaccMOTpHM cneKrpajiB- 
Hoe npeflCTaBjieHHe a = J, Q1 ,xdE(x). J\jik HHana 8 < 1, KOTopoe mbi onpe^ejiHM no3>Ke, 
onpeflejiHM no^npocTpaHCTBO Ki = E([0,6))K. IlycTB q = E([0,S)). Onpe^ejiHM no^npo- 
CTpaHCTBo M 2 = {(x, 0), x G Ki}. IIocKOJiBKy I (y/ax, xi) I ^ Vo||x|| ||xi||, X G P, £1 G Pi, 

to Pi + M 2 — no^npocTpaHCTBo, npuneM P^ + Pm 2 ^ (1 — VS)Ph 1 +m 2 ^ —7; — Ph ± +m 2 - 



2 

IloCKOJIBKy P Ma = ( g g ) , TO HepaBeHCTBO 3(Pff 1 +P/V/2) ^ -Pffi +Pff 2 paBHOCHJIBHO 



g 

,° 

H60TpimaT6JiBHocTH onepaTopa 

.4 



3g + 2a+(e-l)J 2y/a(I - a) 
2y/a(I -a) 2(1 - a) + el 
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ToHKa A G cr(A) Tor^a h tojibko Tor^a, Kor^a onepaTopHbifi onpe^ejiHTejib det(AJ — A) He 
o6paTHM. OnepaTopHbili onpe^ejiHTejib HMeeT bh^;: 

X 2 I - (3q + {2e + 1)I)X + (3g + 2a + (e - 1)1) (2(1 - a) + el) - ia(I - a) = 
[ (A 2 - (3 • I [os) + 2e + 1)A + (3 ■ J [0 s) + 2x + e - 1)(2(1 - x) + e) - 4x(l - x)) dP(x). 

7[0,1) 

^Jia ^OKa3aTejibCTBa Toro, hto npn A < det(AJ — A) o6paraM ^ocTaTOHHo ^OKa3aTt>, 
hto npn x G [0, 1) cnpaBe^JiHBO HepaBeHCTBO 

(3 • I m + 2x + e- 1)(2(1 -x)+e)^ 4x(l - x). 

IIpH x G [0, 5) 3to HepaBeHCTBO HMeeT bh,h; (2x + e + 2) (2(1 — x) + e) ^ 4x(l — x) h ecTb 
oneBH^HbiM. 

IIpH x G [5, 1) paccMaTpHBaeMoe HepaBeHCTBO HMeeT bh,u, (2x — (1 — e))(2(l — x) + e) ^ 

4x(l —x), T.e. x ^ 1 — — — — . IIosTOMy BBiGpaB 5=1 — - 6yneM hmctb HyacHoe. OcTajioct 

3aMeTHTB, hto npn TaKOM 5 BBinojiHeHo: Pjj 1 + Pm 2 ^ -^Phi+m 2 - n 

/JoKasameAbcmeo meopeMU \4-S\ ,ZloKa3biBaeM HyacHoe yTBepxc^eHHe HH,nyKHHeH no n. 
Ilpn n = 2 no^oH^eT c 2 = 5 • IlycTb HMeeM n > 3 no^npocTpaHCTB Hi, ... , H n Taxnx, 

hto P Hl + . . . + P Hn > el. nycTB H 2 = H 2 Q (H x n ff 2 ) . Tor^a P Hl + P H , + . . . + P Hn > | J. 

H3 jieMMBi |4~31 cjienyeT. hto cymecTByeT no^npocTpaHCTBo M 2 C H 2 , Taxoe, hto 

(1) Hi + M 2 — no^npocTpaHCTBo, 

(2) 3(P Hl + P M2 ) + |/ ^ P^ + P^, 

(3) Pffj + Pm 2 ^ -t^Ph 1 +m 2 - 

16 

Tor^,a 

Pff a + Pm 2 + "h 3 + • • • + Ph u ^ y^P 

a noTOMy 

•Pffi+Afa + -Pffa + • • • + -Ph„ ^ TT^- 

Hcnojib3yeM npe^nojiojKeHHe HHflyKHHH fljia Ha6opa no^npocTpaHCTB (Pi+M 2 ), P3, . . . , H n . 
IIojiyHHM: cymecTByioT no^npocTpaHCTBa C 3 ^ k ^ n Taxne, hto (#i+M 2 ), M 3 , . . . 

JIHHeftHO He3aBHCHMbI H 



Pffi+M 2 + X]^^ 3_PMfe ^ Cn_1 (24) ^ 



fc=3 

/loMHoacaa o6e nacTH Ha e/16, nojiynnM 

e / e \«-2 e 

P Hl + Pa/ 2 + 2^ 16.24^-3^ ^ I24 ) ' 16 L 

fc=3 

IIoBTOMy MOJKHO nOJIOJKHTb C„ = ( ^_J_ — □ 

J 16 • 24"~ 2 
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Cjie^CTBHe 4.5. Ilycmh Hi, . . . , H n — nodnpocmpaHcmea H, cyMMa Komopux Hi + . . . + 
H n = H . Tozda cyu^ecmeymm nodnpocmpaHcmea 2 ^ k ^ n manue, umo: 

(1) Mfc C H%. djiR ecex 2 ^ k ^ n, 

(2) Hi, M 2 , . . . , M n auhcuho nc3aeucuMU, 

(3) #! + M 2 + . . . + M n = H. 

Cjie/i,CTBHe 4.6. Hycm"b Hi, . . . , H n — nodnpocmpaHcmea H, npuneM Hi + . . . + H n = H. 

nycmb A — nodnpocmpancmeo e H. Cyu^ecmeywm auhcuho ne3aeucuMue nodnpocmpaH- 
cmea Mj, 1 ^ j ^ n, manue, nmo: 

(1) Mj C Hj Bar ecex 1 ^ j ^ n 

(2) Mi + . . . + M n — nodnpocmpancmeo 

(3) Mi + . . . + M n + A = H 

(4) (M 1 + ... + M n )DA = 

/JoKasamejibcmeo. H3 cjie jctbhh 14.51 mig HaGopa no^npoerpaHCTB A, Hi, . . . , H n nojiynHM 
HyjKHoe. □ 

Cjieflyiomee yTBepjK^eHHe noKa3BiBaeT, hto b cjie^cTBHH 14.51 no^npocTpaHCTBa mojkho 
3aMeHHTb Ha o6pa3bi jiHHeftHbix HenpepbiBHbix onepaTopoB. 

Cjie^CTBHe 4.7. nycmb Ki, . . . , K n — suAu6epmoeu npocmpancmea, Oj : Ki — > H, 1 ^ 

i ^ n — AuneuHue nenpepuenue onepamopu, npuueM Im(ai) + . . . + Im(a n ) = H. Tosda 
cyu^ecmeymm auhcuho ne3aeucuMue nodnpocmpaHcmea Mj, 1 ^ j ^ n, manue, nmo 
Mj C Im(dj), 1 ^ j ^ n u cyMMa Mi + . . . + M n = H. 

/JoKasameAucmeo. Im(ai) + (X^i I m (°i)) = H. H3 TeopeMBi 2.4 paGoTBi |10] (cm. TaioKe 
pa3^eji E]) cjie^yeT, hto cymecTByeT no^npocTpaHCTBo Hi C Im(ai), Taxoe, hto + 
Im(a2) + • • • + Im(a n ) = H . AHajiornHHo paccyac^aa, HafifleM Ha6op no^npocTpaHCTB 
H2 C 1111(02), • • • , H n C Im(a n ), TaKHx, hto Hi + . . . + H n = H. Oerajiocb BocnojrB30BaTBca 
cjie^cTBHeM 14.51 □ 

Tenept mm ,n;oKa:>KeM, hto npoH3BOJiBHyio n-Kj no^npocTpaHCTB mojkho «yMeHBHiHTB» 
,n;o jiHHeftHo He3aBiicHMOH Ti-KH c coxpaHeHHeM cyMMBi no^npocTpaHCTB. BBe^eM Heo6xo^ii- 
Mbie o6o3HaHeHHJi. JXjik no^npocTpaHCTB Hi,... ,H n onpeflejiHM rHjiB6epTOBo npocrpaH- 
ctbo H = Hi . . . © H n , h b HeM noflnpocTpaHCTBa A = {(xi, . . . , x n ), Y^k=i x fc = 0} 11 
H k = {(0, ...,0, y x ,0...,0), x G fl" fc }, 1 ^ fc <n. 

TeopeMa 4.3. Hycmu Hi, . . . , H n — nodnpocmpaHcmea H . Toeda cyu^ecmeymm nodnpo- 
cmpaHcmea Mj C Hj, 2 ^ j ^ n manue, nmo: 

(1) Hi, M2, . . . , M n auhcuho neaaeucuMU 

(2) #! + M 2 + . . . + M n = Hi + . . . + H n . 

3aMeHaHHe 6. 3Ta TeopeMa 03HaHaeT cjieflyiomee: mojkho He «yMeHBHiaTB» Hi, « yMeHB- 
hihtb » no^npocTpaHCTBa H2, . . . , H n Tax, hto cyMMa He hsmchhtch, ho « yMeHBineHHBie » 
no^npocTpaHCTBa yace jiHHeflHo He3aBHCHMBi. 
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/JoKa3ameAt,cmeo. 3aMeraM, hto A D Hi — h A + Hi — {(xx, . . . , x n ), Y^=i x % H{\ 
3aMKHyTo b H . HcnojiKBysi cjie jcTBHe 14 . 5 1 j jih Ha6opa no^npocTpaHCTB Aq+H\, H2, . . . , H n 
nojiyHHM, hto cymecTByioT noixnpocTpaHCTBa C H^, 2 ^ k ^ n, Taxne, hto 

(Hi © M 2 © . . . © M n ) n A = 0, (Hi © M 2 © . . . © M n ) + A = H. 

Tor^a H\ , M2, ■ ■ ■ , M n — JIHHeHHO He3aBHCHMbi h Hi + M 2 + . . . + M n — Hi + . . . + i? n - D 

Tenepb ecTecTBeHHO B03HHKaeT cjie/xyiorriHH Bonpoc: nycTb fljia HeKOToporo m < n 
no^npocTpaHCTBa Hi,...,H m jihhchho HeaaBHCHMM. Mojkho jih «yMeHbiHHTb» TOJibKo 
H m+ i, . . . , H n , hto6m cyMMa He H3MeHHjiacb, ho «yMeHbnieHHBie» npocTpaHCTBa 6mjih jih- 
HefiHo He3aBHCHMti. B cbh3h c 3thm BonpocoM flaflHM cjie/xyioiHee onpe,n;ejieHHe. (CncTeMy 
no^npocTpaHCTB Hi, ... , H n npocTpaHCTBa H 6ya;eM o6o3HanaTb S = (H; Hi, . . . , H n ).) 

Onpe,n,ejieHHe 4.3. J\jik m ^ n onpen,ejiHM KPS(H,m,n) (reduction preserving sum) 
kbk MHOJKecTBo u-oK no/xnpocTpaHCTB S = (H; Hi, . . . , H n ), rjik KOToptix cymecTByioT 
no^npocTpaHCTBa Mj GHj,m + l^j^n, Taxne, hto 

(1) Hi, ... , H m , M m+ i, . . . , M n JIHHeHHO He3aBHCHMBI 

(2) H 1 + ... + H m + M m+1 + . . . + M n = Hi + . . . + H n 

3aMenaHHe 7. Ecjih S G RPS(F, Tfl, fl) , TO Hi, . . . , H m JIHHeHHO He3aBHCHMBI. 

Mm H3yHHM HexoTopbie cBoiicTBa KjiaccoB RPS(iif, m, n). H3 TeopeMbi 14.31 cjienyeT. hto 
RPS(-ff, l,n) coBna^aeT c mhojkcctbom u-ok no/xnpocTpaHCTB H, KpoMe Toro, oneBH^Ho 
RPS(if, n, n) coBna^aeT c mhojkcctbom u-ok noixnpocTpaHCTB, fljia KOTopbix Hi, ... , H n 
JIHHeHHO He3aBHCHMBi. /Jajiee m < n. 

HcnojiB3yH cjiejiCTBHe 14.11 h TeopeMy 14. 3[ jierxo nojiyHHTb cjie,zryiomee yTBepncneHHe. 

"YTBep>K/],eHHe 4.8. Hycm"b H%+. . -+H n — nodnpocmpaHcmeo. S G RPS(H, m, n) mozda 
u moAbKo mosda, Kosda Hi, ... , H m auhcuho nesaeucuMU u Hi + . . .+H m — nodnpocmpaH- 
cmeo. 

yTBep:>K,zi,eHHe 4.9. ymeepotcdeHUR sKeueajicnmnu: 

(1) S G RPS(H,m,n), 

(2) Hi, ... , H m auhcuho ne3aeucuMu u Ao + H\ + . . . + H m — nodnpocmpancmeo e H , 

(3) cyu^ecmeyem e > 0, manoe, umo 3ah npou360AbHux yj G Hj, 1 ^ j ^ n, Y^j=iVj = 
cnpaeedAueo: 

\\y m +i\\ + • • • + \\y n \\ > e(\\yi\\ + • • • + \\y m \\)- 

/(oKa3ameAbcmeo. (1) (2). IlycTB S G RPS(ff, m, n). J\jm cooTBeTCTByroniHx nojo;npo- 
cTpaHCTB Mj, m + 1 ^ j ^ n (cm. onpenejieHHe 14. 3|) o6o3HauHM 

Mj = {(0,...,0, x ,0,...,0), x G Mj}. 

j 

Torjj;a nojj;npocTpaHCTBa Ao, Hi, . . . , H m , M m+ i, . . . , M n jihhchho He3aBHCHMBi h hx cyMMa 
paBHa H . H3 cjiejj;cTBHH 14.11 cjiejj;yeT, hto A + H\ + . . . + H m — no/xnpocTpaHCTBo b H. 
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(2) =>■ (1). IlycTb H\, ... , H m jiHHefiHo He3aBHCHMbi h Ao + H\ + . . . + H m 3aMKHyTo b 
H. IIpHMeHHB TeopeMv 14.31 k Ha6opy no,n;npocTpaHCTB (A + H% + . . . + H m ), H m+ i, . . . , H n , 
nojiyHHM: cymecTByioT no^npocTpaHCTBa Mj C Hj, m + 1 ^ j ^ n, rjik kotopbix 

(H 1 ®...®H m ® M m+1 © ... © M n ) R A = 

H 

(Hi © . . . © H m © M m+1 © . . . © M n ) + A = H. 
3th Mj, m + l^j^n — Tpe6yeMBie. 

(2) <^ (3). Hi, ... , H m jiHHeiiHo He3aBHCHMbi h cyMMa Ao + Hi + . . . + -f^m ~ no^npo- 
cTpaHCTBo Tor^a h tojibko Tor^a, Kor^a Ao R ^i) = h Ao + saMKHyTo b 

iJ. B CHjiy yTBepjK^eHHa 12. 3} nyHKT (5) , nocjie^Hee paBHOCHjibHO cymecTBOBaHHio Taxoro 
Si > 0, hto fljia npoH3BOJibHoro (yi, . . . ,y n ) G A BbinojiHeHO (HaM yn;o6Hee nepeftTH k 
SKBHBajieHTHofi HopMe): 

n n 
j=m+l i=l 

OTcio^a cjie,n;yeT, hto (2) (3). □ 

OTMeTHM, HTO 

n 

A + Hi + . . . + H m = {(xi, . . . , x n ) G H, Xj£Hi + ... + H m }. 

j=m+l 

Tenepb H3 npeflbyryirjero yTBepjK^eHHH nojiynaeM TaKiie cjie^CTBiia. 

Cjie^CTBHe 4.8. Ecau Hi, ... , H m Auneuno ne3aeucuMu u {Hi + . . . + H m ) R (H m+ i + 
. . . + H n ) 3a,MKHymo e H m+ i + . . . + H n , mo S G RPS(H, m, n) . 

Cjie^CTBHe 4.9. S G RPS(H,n — l,n) mosda u moAuno mosda, Kosda Hi, . . . , H n _i 
Auneuno ne3aeucuMU u H n R (Hi + . . . + H n -i) — nodnpocmpancmeo. 

Cjie/i,CTBHe 4.10. Hycm'b 3ar deyx cucmeM nodnpocmpancme S = (H; Hi, . . . , H n ), S' = 
(H; H[,..., H' n ) H k cH' k ,l^k^n. Ecau S' G RPS(H, m, n), mo u S G RPS(H, m, n). 

Cjie,a,CTBHe 4.11. Ecau S G RPS(H,m,n) , mo Bar ocjikoso l^mul^r^n — m 
S' = (H; Hi, . . . ,H h H m+ i, . . . , H m+r ) G RPS(H, 1,1 + r) 

Cjie,a,CTBHe 4.12. Ecau S G RPS(H,m,n), mo Bar bchkozo m + l^j^nHjCi (Hi + 
. . . + H m ) — nodnpocmpancmeo. 

yTBepiK/jeHHe 4.10. Hycm^ Mnootcecmeo {m + 1, . . . ,n} pa36umo na nodMnootcecmea 
Jfe, 1 ^ k ^ r. Tosda: 

(1) Ecau S> = (H; H u . . . , H m , Y~^H~i, E je / r Hj) G RPS(H, m,m + r),moSe 
RPS(H,m,n), 

(2) Hycmu 3ah ecex 1 ^ k ^ r Y2jei k Hj — nodnpocmpancmeo. Ecau S G RPS(H, m, n) 
mo S' = (H; Hi,..., H m , J2 jeh Hj,..., ^ e/r Hj) G RPS(H, m,m + r). 
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/foKasameAbcmeo. ,U,oKajKeM (1). ,U,jih ^0Ka3aTejibCTBa HyjKHoro yTBepacflemia HcnojiB3y- 
eM yTBepjK^eHHe 14.91 IlycTB yj G Hj, 1 ^ j ' ^ n, Y^j=iVj = 0- A ns Bcex 1 ^ k ^ r 
Eje/,. \\Vj\\ > II I2jei k yj\\- OTcio^a jierxo nojryHHM, hto S G RPS(H,m,n). 

^OKaaceM (2). IlycTb fljia: Bcex 1 ^ k ^ r cyMMa Ylj£i k -Hj — noflnpocTpaHCTBO, S G 
RPS(H,m,n). Bcex 1 ^ k ^ r cymecTByioT no^npocTpaHCTBa Kj C j G ifc, 

Taxne, hto Kj, j G Jfc JiHHefiHO He3aBHCHMBi h cyMMa X^j64 = Tljeh Hj- Tor^a ra-Ka 

5" = (H; Hi,..., H m , K m+1 , . . . , K n ) G RPS(#, m, n). 

^jia BcaKoro 1 ^ k ^ r cymecTByeT > 0, Taxoe, hto jj,ji5i npoH3BOJiBHBix yj G -fC,, j G 
cnpaBe^JiHBo: HX^ei %'ll ^ £ kC^2j & i k WVjW)- HcnojiB3ya VTBepacjeHHe H~9| jierxo nojiy- 
hhtb, hto (F; Hi,..., H m , Y^jah Kj, ■■■■> Sjeir ^0) G RPS(-H", m,m + r), hto h Tpe6oBa- 

JlOCb flOKa3aTB. □ 

Cjie,a,CTBHe 4.13. ITycmb H m+ i + . . .+H n — nodnpocmpancmeo. S G RPS(H, m, n) mozda 
u mojibKo mosda, nosda Hi, ... , H m Auneuno ne3aeucuMU u (Hi + . . . + H m ) R (H m+ i + 
. . . + H n ) — nodnpocmpancmeo. 

5. 3AMKHYTOCTb CYMMbl OBPA30B OnEPATOPOB 

B 3tom pa3^,ejie mbi paccMOTpHM Gojiee o6m;Hfl o6i.eKT, neM cncTeMy no^npocTpaHCTB — 
CHCTeMy o6pa30B jiHHeflHBix HenpepBiBHBix onepaTopoB. Otmcthm, hto H3yHeHHe Taxnx ch- 

CTeM He CBO^HTCH K H3yHeHHK> CHCTeMBI JIHHeajIOB B H, nOCKOJIBKy B GeCKOHeHHOMepHOM 
THJIBGepTOBOM IipOCTpaHCTBe eCTB JIHHeajIBI, OTJIHHHBie OT 06pa30B JIHHeflHBIX HenpepBiB- 
HBix onepaTopoB (cm. |10]). 

PaccMOTpeHHe chctcmbi no;i;npocTpaHCTB Hi, 1 ^ i ^ n KaK chctcmbi Hi = Im(P^.), 1 ^ 
i ^ n no3BOJiHT HaM nojiynHTB KpHTepHH 3aMKHyTocTH cyMMBi noji;npocTpaHCTB, a Taxace 
H3yHHTB HeKOTopBie cBoflcTBa cyMM noji;npocTpaHCTB H . 

5.1. TeopeMa P. ^yrjiaca h ee cjie^CTBHa. 

TeopeMa 5.1. ([9\) Hycm"b H,Hi,H 2 — zuAt>6epmoeu npocmpancmea, A : Hi — > H, B : 
H 2 — > H — jiuneunue nenpepuenue onepamopu. CAedywv^ue ycjioeuR sKeueaAenmnu: 

(1) Im(A) C Im(B) 

(2) Cyinecmeyem A > manoe, umo AA* ^ XBB* 

(3) Cyu^ecmeyem Auneunuti nenpepuenuu onepamop C : Hi — > H 2 manou, nmo A = 
BC. 

KpoMe moso, npu eunoAnenuu (1) onepamop C Mocucem 6umb eu6pan man, umo ker C = 
keiA, Im(C) C (ker J B) ± . 

Cjie,n,CTBHe 5.1. nycmv A : Hi — > H — Auneunuu nenpepuenuu onepamop. Tosda Im(A) = 
Im(VAA*) . 

Cjie,a,CTBHe 5.2. nycmb H, Hi, . . . , H n — suAb6epmoeu npocmpancmea, : H k — > H - 
Auneunue nenpepuenue onepamopu. Tosda £)£ =1 Im{a^) = Ifn{\f^Jk=i a k a k) ■ 
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JJ,oKa3ameAbcmeo. Onpe/TejiHM onepaTop A : Hi © . . . © H n — > H paBeHCTBOM 

A(xi, . . . , x n ) = a\X\ + . . . + <x n x n . 
BjioHHaa 3anncB A HMeeT bhjj; (ai, . . . , a n ), nosTOMy A* = (aj, . . . , a*) T . OTcio^a AA* = 

Y12=l a k a k- OcTajIOCB 3aMeTHTB, HTO X^fc=l ^ m { a k) — Ini(v4) = Im(V/L4*). □ 

Cjie,n,CTBHe 5.3. Tlycmb Hi, ... , H n — nodnpocmpaHcmea H , Pi, . . . , P n — coomeemcmey- 
mu^ue opmonpoeKmopu. Tozda cyMMa Hi + . . . + H n = Im(y/Pi + . . . + P n ) . Omctoda CAe- 
dyem, umo cyMMa Hi + . . . + H n 3aMKHyma mosda u moAbno mozda, Kosda a(Pi + . . . + 
Pn) H (0,e) = 3ar Henomopozo e > 0. 

"YTBep>K/],eHHe 5.1. Hycmb : H — > H, 1 ^ k ^ n — Heompuv^ameAbHue caMOConpsi- 
afceHHue onepamopu e H. CAedymu^ue ycAoeun paenocuAbHu: 

(1) Im(ai) + . . . + Im(a n ) 3aMKHymo, 

(2) 3ar neKomoposo e > a(ai + . . . + a n ) D (0, e) = 0. 

Hpu eunoAHenuu amux ycAoeuu (odnoso U3 smux ycAoeuu) Y^k=i ^ m i a k) — ^ m (Sfc=i a k)- 



/JoKa3ameAbcm60. Onpe^ejiHM no/xnpocTpaHCTBa Hi = Y2k=i^ m ( a k)i -^2 = C\k=i^- eT ( a k)- 
Tor/ra H = Hi © H2. OTHocHTejiBHo 3Toro opToroHajiBHoro pa3Jio>KeHHa npocTpaHCTBa H 
onepaTop a« = bi (BO, lyre 6j : Hi — > Hi — HeoTpiinaTejiBHBiii caMoconpajKeHHBiii onepaTop. 
5Icho, hto flfc=i ker bk = 0. 

1. IlycTB Y^k=i ^ m ( a k) 3aMKHyTo. Tofr& Ylk=i I m (^fc) 3aMKHyTo. IIocKOJiBKy Hfc=i ker(frfc) 
0, to J2k=i I m (^fc) njioTHO b Hi. IIosTOMy J2k=i I m (^fc) = Hi, T.e. Im^bj + . . . + b 2 n = Hi. 
Tor/ra b\ + . . ■ J rb\ ^ ZiIh^ A 713 HeKOToporo £1 > 0. IIocKOJiBKy \\bi\\bi ^ b 2 , to bi + . . .+b n ^ 
e 2 -^Hi flJ 151 HeKOToporo e 2 > 0. IIosTOMy cr(^^ =1 a^) fl (0, e 2 ) = H Im(a! + . . . + a n ) = Hi, 

HTO II Tpe6oBajIOCB ^OKa3aTB. 

2. IlycTB cr(ai + . . . + a n ) fl (0, e) = rjik HeKOToporo e > 0. Tor,n,a a{pi + . . . + b n ) fl 
(0,e) = 0. IIocKOJiBKy ker(6! + ... + &„) = 0, to &! + ... + 6„ ^ £/ff x - Cjie^oBaTejiBHo, 
Im(ai + . . . + a n ) = Hi = YZ=i Im ( a fe)- n 

IIpHMep 5.1. IlycTB a±, . . . , a n — HeoTpnn;aTejiBHBie onepaTopBi b H, npiineM ^jia npoii3- 
bojibhoto 1 ^ k ^ n Im(afc) — no^npocTpaHCTBo. Onpe^ejiHM onepaTop C — ai + . . . + a n . 
IIpe^nojiojKHM, Cafc = a^C, 1 ^ k ^ n. Tor^a 1111(0!) + . . . + Im(a„) — no^npocTpaHCTBo. 

/JoKasameAbcmeo. CymecTByeT e > Taxoe, hto u{ak) f^|(0, = ^jih Bcex 1 ^ k ^ n. 
IIocKOJiBKy C ^ au h Ca^ = a^C to Cajt ^ a\ ^ ea/c, 1 ^ k ^ n. Ilpii6aBHB nojiyneHBie 
HepaBeHCTBa, nojiy^HM C 2 ^ eC, oTKyn;a <j(C) f](0,e) = 0. □ 

5.2. PaajiHHHt.ie KpHTepHH 3&MKHyTOCTH X]fe=i I m (^i)- B 3tom pa3jj,ejie Tl, . . . , T n — 
HeoTpHiraTejiBHBie onepaTopBi b H, npHHeM ||Tfe|| < 2, 1 ^ k ^ n. Onpejj;ejiHM E = 
(I — T n ) ...(/ — Ti). JleMMa I5TT1 cjieiiyeT H3 jieMM 3.3, 3.10 pa6oTBi [16J. 

JleMMa 5.1. Hycmb ||Tfc|| ^u><2, l^k^n. Tosda 3ar ecswoso x G H 

2 + u 2 n(n — 1) ... Il9 .. „ ll9 . v^ /m 

2 ~ u k=i 
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CjieflyiomaH jieMMa cjie^yeT H3 jicmmbi 15. 1[ ho mm npHBe,n;eM Henocpe^cTBeHHoe floica- 

3aTejIBCTBO. 

JieMMa 5.2. Ecau Bjim neKomoposo x G H \\Ex\\ = \\x\\, mo T^x = 0, 1 ^ k ^ n. 

JJoKasamejibcmeo. OTMeraM, hto fljis HeoTpnijaTejiBHoro onepaTopa T c HopMoft ||T|| < 2 
h npoH3BOJiBHoro x G H — T)x\\ ||a;||. Ecjih ||(J — T)x\\ = \\x\\, to Tx = 0. 
^eficTBHTejiBHo, nycTb — T)x|| = ||x||. Tor^a \\x — Tx\\ 2 = \\x\\ 2 , OTKyzja ||Ta;|| 2 = 
2(Tx,x). IIocKOJibKy ||Tx|| 2 ^ ||T||(Tx,x), to (Tx,x) = 0, Tx = 0. 

Ilpe^nojiojKHM, hto \\Ex\\ = \\x\\. IlocKojiBKy \\Ex\\ ^ — Ti)x|| ^ ||a;||, to — 
Ti)x\\ = \\x\\, OTKy^a T^x = 0. Tor^a Ex = (I—T n ) . . . (I—T 2 )x. IIpo^ojiJKHB aHajiorHHHbie 
paccy>K,neHHa, nojiynHM T 2 x = . . . = T n x = 0. □ 

O6o6inaa: onpeflejieHHe pa6oTBi |26| Ha GecKOHeHHOMepHBiii cjiynan, flaflHM cjieflyromee 
onpe,n;ejieHHe. 

Onpe/i,ejieHHe 5.1. IlycTb A\,...,A n — jiHHefiHBie HenpepBiBHBie onepaTopbi b H, 1 ^ 
p < oo. p-pa^nycoM Ha6opa onepaTopoB A±, . . . , A n Ha30BeM hhcjio 

p p (Ai, ...,A n )= lim [—j-y] \\Aim . . . A i{k) 

r,n;e cyMMa 6epeTcn no BceM Ha6opaM HH^eKcoB 1 ^ • • • , i(k) ^ n. 
Onpe^ejieHHe KoppeKTHo. JJeiicTBHTejiBHo, onpe^ejiHM 

a k , P = (Jjp WMi) ■ ■ ■ A m\\ p ^j ■ 

1 

5Icho, hto dk + i )P ^ Q>k,p a i,pi k,l ^ 1. IIosTOMy cymecTByeT lim^oo a£ . Pa3JiHHHBie cboh- 
CTBa p-pa^nyca fljiH onepaTopoB b KOHeHHOMepHOM rHjib6epTOBOM npocTpaHCTBe, a TaK- 
yae ero npHMeHeHHa co^epacaTca b pa6oTe Mbi ccpopMyjinpyeM ycjioBHe 3aMKHyTO- 
cth cyMMti o6pa30B onepaTopoB T\,...,T n b TepMHHax p-pa^nyca Ha6opa onepaTopoB 
I-T u ...J-T n . 

yTBep»<;/],eHHe 5.2. ITycmb 1 ^ p < oo. CyMMa Im(Ti) + . . . + Im(T n ) = H mosda u 
mo/ibKo mozda, Kosda p p (I — T 1; . . . , I — T n ) < 1. 

JJoKa3ameAbcmeo. 1. IlycTB Im(Ti) + . . . + Im(T n ) ^ H. Tor^a ^jih npoH3BOJiBHoro Ha6opa 

HH^eKcoB . . . , i(k) HopMa || (I — Tjn)) ...(/ — Tin.)) \\ = 1. ^eiicTBHTejiBHo, ecjin || (J — 

T i(1) ) ...(I - Ti( k ))\\ < 1, to onepaTop I - (I - T i{1) ) ...(I - T i{k) ) oGpaTHM, a noTOMy 

Im(Ti) + . . . + Im(T n ) = H, npoTHBopenne. OTCio^a p p (I — T\,...,I — T n ) = 1. 

2. IlycTB TenepB Im(Ti) + . . . + Im(T n ) = H . Tor^a T\ + . . . + T n ^ el ^jih HeKOToporo 

e > 0. H3 jieMMbi [5TT1 cjienyeT. hto — T n ) . . . (I — Ti)\\ < 1. IIosTOMy a np (I — T\, . . . ,1 — 

i j_ 

T n ) < 1. ^Jia Bcex k ^ 1 ak n , P ^ a kn P ^ a ^v- nepefl^a k rpaHHn;e npn k — > cxo, 
nojiynaeM p p (J — T 1; . . . , I — T n ) ^ a^ iP < 1. □ 
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CcpopMyjinpyeM ycnoBHe 3aMKHyTocTH cyMMti o6pa30B onepaTopoB b TepMHHax nopoac- 
^eHHoii hmh C*-ajire6pi>i. 06o3HaHHM B(H) MHoacecTBo Bcex jiHHeftHBix HenpepbiBHbix one- 
paTopoB b H. IlycTB A(Ti, . . . , T n ) — ajire6pa, nopojK^eHHaa Ti, . . . , T n , h C*(Ti, . . . , T n ) - 
3aMBiKaHH6 A(T\, . . . , T n ) b B{H). 

yTBep>K/],eHHe 5.3. OpmonpoeKmop P Im ^ T ^ + +/m( - T \ G C*(Ti, . . . ,T n ) mozda u moAbno 
mozda, noeda Im(Ti) + . . . + Im(T n ) — nodnpocmpaHcmeo. 

/JoKasame/ibcmeo. Be3 orpaHHieHHH oGihhocth mojkho cHHTaTB, hto ^2 =1 Im(Tfc) njioraa 
b H. 

1. IlycTB Im(Ti) + . . . + lm(T n ) = H. Tor^a ||(J — T n ) ...(/ — Ti)|| < 1, a nosTOMy 
/-((/- T n ) ...(/- Ti)f -> I, k -> oo. Otckwe / G C*(T h T n ). 

2. IlycTB TenepB J G C*(Ti, . . . , T n ). CymecTByeT sjieMeHT a G A(Ti, . . . , T n ) TaKofi, hto 
||J — a\\ < 1. Tor^a a o6paraM. Cjie^oBaTejiBHo, Im(a) = H, a 3HanHT, h Im(Ti) + . . . + 
Im(T n ) =H. □ 

3aMenaHHe 8. H3 npHBe^eHHoro ,n;oKa3aTejiBCTBa cjie^yeT, hto / G C*(7i, . . . , T n ) to- 
r^;a h tojibko Tor^a, Kor^a 52fe=i I m (^~fc) = f ■ 9 TO BepHo ^jih npoH3BOJiBHBix HeoTpnija- 
TejibHbix Tk (He o6H3aTejibHo ||Tjj.|| < 2). ^eiicTBHTejiBHo, bmccto onepaTopoB mojkho 
paccMOTpeTB onepaTopbi AT^, r^e A > TaxoBo, hto A||Tfc|| < 2, 1 ^ fc ^ n. 

Cjie^CTBHe 5.4. Hycmb a/ise6pa A = A(T±, . . . ,T n ) KonennoMepna. OnpedeAUM T = 
Y^k=i Tk- ITocKOAbKy A KoncHHOMcpna , mo djitt nenomopozo nenyjieeozo nojiunoMa F F(T) 

0. HosmoMy cx(T) Konenen. Tosda ^22=1 -^ m (^fc) 3aMKHymo, npoMe moso, C*(T\, . . . ,T n ) = 
A(T t , ...,T n ). IIoamoMy Pi m (r 1 )+...+i m (T n ) G A(T U ...,T n ). 

H3 yTBepjK^eHHa 15.31 h yTBepjK^eHHH 12.41 cjie/jyeT cjie^yioiHHH KpnTepufl 3aMKHyTocTH 
cyMMBi no^npocTpaHCTB. 

yTBep>K/],eHHe 5.4. Ilycmb Hi, . . . , H n — nodnpocmpancmea H , namypaAbnoe m ^ n — 

1. IIpednoAoafcuM, nmo onepamop P%Pj KOMnanmnuu Bar ecex 1 ^ 2 ^ m, m + 1 ^ 
j ^ n. Ecau Hi + . . . + H m , H m+ i + . . . + H n — nodnpocmpancmea, mo Hi + . . . + H n - 
nodnpocmpancmeo, npuneM 

PH L +...+H n = Pu 1 +...+H m + PH m+1 +...+H n (mod Soo(H)). 

06paTHoe yTBep>K^eHHe HeBepHo, kbk noKa3BiBaeT cjie^;yioiu;HH npHMep 

IIpHMep 5.2. B rwiB6epTOBOM npocTpaHCTBe H = paccMOTpHM 3 no^npocTpaH- 

CTBa Hi, H 2 , H 3 , opTonpoeKTopbi Ha KOTopBie 



P 1 0\ p _ (I OA / I — a 2 a^T- 



a 



r^e caMoconpajKeHHBiH a : I2 — > h, ^ a ^ /, ker(a) = h a KOMnaKTHBift. Tor^a 
onepaTopbi P1P2, P\Pz KOMnaKTHBi, H1 + H2 + H3 = H, ho H2 + H3 — He no^npocTpaHCTBO. 



O 3AMKHYT0CTH CYMMbl n nOAnPOCTPAHCTB THJlbBEPTOBA ITPOCTPAHCTBA 37 

5.3. 06pa3Bi ajieMeHTOB ajire6pt>i, nopo>KfleHHOH T%,...,T n . JJjin nocjienpBaTejib- 
hocth X = . . . , i{k))i 1 ^ i(r) ^ n, 1 ^ r ^ k onpenejiHM onepaTop 

Ex = (I — ^i(i)) •••(/ — Ti( k )). 

Onpe^ejiHM nocjie^oBaTejibHocTb X* = {i{k), . . . ,i(l)), Torn,a E x = Ex*. ,H,ajiee mm 6yoeM 
paccMaTpnBaTt> onepaTop T = ^ XeW «z-£a:, r ^e Bee ax > 0, X G U {tjt IA — h6koto- 
poe MHOJKecTBo nocjie^oBaTejiBHocTeli) . Mbi npennojiaraeM, hto h,jih bchkoto 1 ^ I ^ n 
Hali^eTca nocjie^oBaTejibHocTb IgW, b KOTopoft BCTpenaeTca /. 

yTBep»<;/i,eHHe 5.5. CAedymv^ue ycAoeun paenocuAbHu: 

(1) Ylk=i I m (Tk) 3aMKHymo, 

(2) Im((^2 XeU a>x)I — T) 3(iMKHymo. 

ITpu eunoAHenuu amux ycAoeuu (odnoso U3 amux ycAoeuu) 

n 

J2MT k ) = M(J2ax)I ~ T). 

k=i xeu 

/JoKasameAbcmeo. Be3 orpaHHHeHHH o6ihhocth mojkho CHHTaTB, hto X]fc=i im (^£;) njioTHO 

15 //. 

1. IlycTb lm(Ti) + . . . + Im(T n ) = H . Tor^a Ti + . . . + T n ^ el fljis HeKOToporo e > 0. 
Bo3BMeM npoH3BOJiBHBifl i G iJ. 03 jieMMBi 15.11 cnenyeT, hto fljia BcaKoro X E IA cy- 
mecTByeT mi > 0, He 3aBHC5nnee ot x, Taxoe, hto mj(||a;|| 2 — ||i?ia;|| 2 ) ^ J2iei(TiX, x). 
npn6aBHM 3th HepaBeHCTBa. Tor^a Ylieu m i{\\ x \\ 2 — H-Ex^ll 2 ) ^ ^ll^ll 2 - no3TOMy cyme- 

CTByeT J G IA (3aBHCJHu;ee ot x), h,jih KOToporo mj(||x|| 2 — || -E" || 2 ) ^ — — 2 T.e. 

\"\ 

\\Ejx\\ «C Jl - —£^-\\ x \\. nosTOMy 



, mj\ur 11 

ilocKOJiBKy ,7 = iX(x) G W, to ||T|| < J^x eW «2, a nosTOMy onepaTop (J2ieu ax )^ ~ T 
o6paTHM, oTKy^a cnenyeT Hyaoioe. 

2. IlycTb Tenepb Im((^ 2eW az)I—T) — nonnpocTpaHCTBo. 06o3HaHHM A = {Ylxeu a x)I— 
T. IloKa>KeM, hto ker(A*) = 0. ^eftcTBHTejiBHO, nycTb x G ker A*. IIocKOjTBKy Bee ax > 
0, X G IA, to h,jih bchkoto IgW = ||x||. H3 JieMMBi [BT^l nojiyqHM x G f| ig:r kerTj. 

IIo9TOMy x G f"|^ =1 kerTj, T.e. x = 0. HTax, ker A* = 0, nosTOMy Im(y4) = H. IXocKOJiBKy 
A npHHa^jieacHT ajireGpe, nopojK^eHHofi T\, . . . , T n , to Im(Xi) + . . . + Im(T n ) = iJ. □ 

Ilocjie 3Toro yTBepjK^eHHa ecTecTBeHHo B03HHKaeT Bonpoc: cjie^yeT jih H3 paBeHCTBa 
Im(Xi) + . . . + Im(T n ) = lm((^2zeu a i)I — T) 3aMKHyTocTB Im(Xi) + . . . + Im(T n )? Bcer^a 
Im(Ti) = Im(J — (I — Ti)), ho ^(Tx) He o6H3aTejibHo 3aMKHyT. Ilo3TOMy ecTecTBeHHo 
HajioJKHTb Ha onepaTopbi T iy 1 ^ i ^ n ^onojiHHTejiBHoe ycjioBHe, cocTOHHi;ee b tom, hto 
Im(Tj) 3aMKHyT ^jih Bcex 1 ^ % ^ n. 

H3yneHHH aToro Bonpoca HaM noHa^;o6HTCH BcnoMoraTejibHBie pe3yjiBTaTBi. 



38 H.C.OemeHKO 

JleMMa 5.3. IJycmb M — 2UAb6epmoeo npocmpaHcmeo, a, b G B{M), c = aba*. Ecjiu 
Im(c) = Im(a), mo Im(c) D (ker(c)) ± . 

/foKasameAbcmeo. H3 TeopeMBi P. /Iyrjiaca cjiejyeT, hto a = cd, r^e Im(d) C (ker(c))- 1 . 
Tor^a c = cdba*, c(I — dba*) = 0. J\jik npoH3BOJiBHoro x G M x = (I — dba*)x + dba*x, 
npn 3tom (/ — dba*)x G ker(c), dba*x G (ker(c))" 1 . IIosTOMy dba* = -P(ker(c)) x ~~ opTonpoeK- 
Top Ha (ker(c))- 1 . ITocKOJiBKy opTonpoeKTop caMoconpajKeH, to ab*d* = -P(ker(c)) x ; oTKyna 
(ker(c))- 1 C Im(a) = Im(c). □ 

/fyia rnji£>6epTOB£>rx npocTpaHCTB H, H' o6o3HaHHM B(H, H') mho>k6ctbo Bcex jihh6hhbix 
HenpepBiBHBix onepaTopoB H3 H b H' . IlycTb Mi,...,M n ,M — rHjiB6epTOBBi npocTpaH- 
cTBa, ai G B(Mi,M) — Ha6op jiHHeiiHBrx HenpepBiBHBix onepaTopoB. Onpe^ejiHM 



M(ai, ...,a n ) = { V a^a*, a^- G £(M i; Af<), 1 ^ z, j < n } C <B(M) 




OTMeTHM, hto .M(ai, . . . , a n ) HBjiaeTca *-ajire6poH. H3 TeopeMBi P.^yrjiaca cjie^yeT, hto 
ecjiH Ha6op onepaTopoB a k G B(M k , M), 1 ^ k ^ n TaKofi, hto Im(afc) = Im(afc), 1 ^ k ^ 
n, to A^(ai, . . . ,a n ) = M(a x , . . . ,a n ). 

JleMMa 5.4. lJycmt> onepamop a G Ai(ai, . . . , a n ) u Im(a) = J2l=i ^ m ( a k)- Tosda Im(a) D 
(ker a) ± . 

/foKasameAbcmeo. OnpeflejiHM b = (X)fc=i a fc a fc) 1//2 ? Tor^a Im(fe) = X]fc=i ^ m ( a fe) ^ Ina(a$). 
H3 TeopeMBi P. ^yrjiaca cjie^yeT, hto = bbi, 1 ^ i ^ n, r^e 6j G B(Mi,M). Tor^a 
a* = b*b. IIosTOMy a = b(Y2i haijb^b. H3 jieMMBi cjiejyeT Im(a) D (ker(a))- 1 . □ 



Cjie^CTBHe 5.5. Tlycmb e ycAoeunx acmmu [37^| ker a = ker a* (amo eunoAHeno, nanpu- 
Mep, ecAU a HopMaAbnuu). Tozda Im(a) = X)fc=i ^ m ( a k) 3aMKHym. 

yTBep>K/],eHHe 5.6. Tlycmb J^ =1 Im(T k ) = Im{{^2xeu ax )I — T) u Bar ecex 1 ^ k 
o6pa3 Jm(Tfc) 3aMKHym. Tozda Ylk=i -^ m (^fc) saMKHymo. 

J^OKasameAbcmeo. ITycTB A = (Xlzew — 7 1 . IIocKOJiBKy Im(Tfc) 3aMKHyT, to Im(Tfe) = 

111 
Im(T fc 5 ). Hcho, hto A G Ai(Ti , . . . ,T n 2 ). H3 jieMMBi cjiejyeT. hto Im(yl) D (ker(y4))- L . 

AHajiorHHHo ^oxasaTejiBCTBy BTopofi nacTH yTBepacjeHHg [5~51 mo>kho noxasaTB, hto ker A = 

H^ikerTfc = Im^A)^. IIosTOMy Im(A) D Im(A), hto o3HanaeT 3aMKHyTocTB Im(A). □ 

IIpHMep 5.3. IlycTB Hi, ... , H n — no^npocTpaHCTBa H, Pi, . . . , P n — cooTBeTCTByrorrrHe 
opTonpoeKTopBi. Cjieflyiom,He yTBepac^eHHa paBHocnjiBHBi: 

(1) Im(/ - (J - p n ) . . . (J - Pi)) = Y? k=x H k , 

( 2 ) Yl=l H k 3aMKHyTO. 

HcnojiB3y3 jieMMy 15.4^ mojkcm ccpopMyjinpoBaTB cjie^;yioHi;HH KpHTepnii 3aMKHyTocTH 
cyMMBi o6pa30B onepaTopoB. 

yTBep^c^eHHe 5.7. Tlycmb a k G B{M k ,M), 1 ^ k ^ n. CyMMa YHt=i^ m { a k) 3aMKHyma 
mosda u moAbKo mozda, Kozda (aid* + . . . + c^a*) 1 / 2 G M.{fli, . . . , a n ). 
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/foKasame/ibcmeo. 1. IlycTb cHanajia a = (aia* + . . . + a n a*) 1 / 2 G A^(a 1; . . . , a„). IIocKOJib- 
Ky Im(a) = 2~^fc=i I m ( a £;) 11 kera = (Im(a))- 1 " (nocKOjibKy a caMoconpflJKeii) , to H3 jieMMbi 
15.41 nojiyHHM Im(a) D Im(a), T.e. Im(a) — no^npocTpaHCTBO. 

2. IlycTb Tenepb cyMMa ^fe=i I m ( a /c) ~~ no^npocTpaHCTBo. PaccMOTpeB onepaTopbi 6^ = 
(afcd£) 1//2 , MoaceM cpa3y cHHTaTt, hto onepaTopbi G B(M), caMoconpaaceHbi h HeoTpnija- 
TejibHbi. KpoMe toto, mojkho cHHTaTb, hto X/fc=i ^ m i a k) — H . Tor^a onepaTop a 2 + . . . + a 2 
o6paTHM. IIosTOMy 

(aj + . . . + a 2 )^ = (a 2 + . . . + a 2 n ){a\ + ... + a 2 )-§(a 2 + . . . + a 2 ) = 
= a 2 (a 2 + . . . + a 2 ) _ 2a 2 G ^(ax, . . . , a„). 

□ 

Cjie/],CTBHe 5.6. Hycmt Hi, ... , H n — nodnpocmpaHcmea H , P x , . . . , P n — coomeemcmey- 
mv^ue opmonpoenmopu. X]fc=i 3aMKHymo mozda u moA-bKo moeda, Kozda (Y^k=i Pk) 1 ^ 2 £ 
M(Pi,...,P n ). 

5.4. KpHTepHH 3aMKHyTOCTH cyMMbi no^npocTpaHCTB b TepMHHax lm(A), rfie 
A = £\ . a i,jPiPji a i,j £ C. IlycTb Hi, ... , 77 n — no^npocTpaHCTBa if c cooTBeTCTByioiiiH- 
mh opTonpoeKTopaMH Pi, . . . , P n . IlycTb cHanajia n = 2. Hb vTBepacjieHHg I2T1 cue jiyeT. hto 
ecjiH A G A(Pi, Pt) (ajireGpa, nopoac^eHHaa opTonpoeKTopaMH Pi, P2) h Im(A) = H1 + H2, 
to 77i + 3aMKHyTO. ITpn n ^ 3 aHajiorHHHoe yTBepac^eHHe, BooGme roBopa, HeBepHO. 

IIpHMep 5.4. IlycTB A = P1P2 + P3. Mm nocTpoHM no^npocTpaHCTBa Hi, H2, H 3 , Taxne, 

HTO 

(Condi) lm(A) = H 1 + H 2 + H 3 
(Cond2) Hi + H 2 + #3 He 3aMKHyTo. 

(Condi) paBHocHjiBHo H 2 C Hi + H 3 vl lm(A) = Hi + 77 3 . ^Jia BtmojiHeHHa Im(A) = 
Hi + 77 3 ^ocTaTOHHo, htoGbi napa no^npocTpaHCTB H x , 77 3 oGjia^ajia cbohctbom o6paTHo- 
ro HaHjiynrnero npnGjiHaceHKH OTHOCHTejibHO napbi onepaTopoB PiP2,P 3 (cm. no^pa3^eji 
14. 2p . Hcnojib3ya yTBepxcflemie I4.4[ nojiyHHM, hto fljia BbinojiHeHHH (Condi), (Cond2) 
^ocTaTOHHO, htoGbi: 

(1) H 2 cHi + H 3 , 

(2) cymecTByeT e > 0, Taxoe, hto HT^H ^ £ \\ x \\j x £ Hi, 

(3) no^npocTpaHCTBa P2(Hi),H 3 jiHHeftHo He3aBHCHMti h hx cyMMa 3aMKHyTa, 

(4) Hi + 77 3 He 3aMKHyTO. 

IlycTb onepaTopbi a, b : I2 — >■ Z2 yAOB'neTBop 310 ' 1, cjie^iyioiHHM ycjiOBH3M: 

(1) a caMoconpHJKeH h |J ^ a ^ /, 

(2) 1 G <r(a) h ker(J - a) = 0, 

(3) i?([l/4, 3/4))/ 2 GecKOHeHHOMepHo, TyT E(-) o6o3HaHeHa cneRTpajiBHaa npoeKTop- 
H03HaHHaa Mepa a, 

(4) (7 - a- l ' 2 b) - HsoMeTpna h Im(7 - a^b) = £([1/4, 3/4))Z 2 - 
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Onpe^ejiHM H = l 2 ® l 2 , Hi = {(x, 0), x G Z2}) H 2 = {(y/ax, \/I — ax), x G l 2 }, H 3 = 
{(bx, y/I — ax), x G l 2 }. 

IIpoBepHM, hto P3 — no^npocTpaHCTBo. JXjik SToro ^ocTaTOHHo noKa3aTb, hto cynxe- 
CTByeT 61 > 0, Taxoe, hto Rjm bchkoto x G l 2 \\bx\\ + || \/l — ax\\ ^ A-th stoto ^;o- 

CTaTOHHo ^oKa3aTB, hto ecjiH x n G l 2 , bx n — > 0, yl — ax n — > to x n — > 0. /JoKajKeM sto. 
HMeeM: — a _1 / 2 6x n — » 0, (/ — a~ 1 / 2 b)x n — x n — > 0, \// — a(J — a _1 / 2 6)x n — \[T^ax n — >■ 0, 
\/7 — a(J — a~ 1/2 6)x n ->■ 0. IlocKojiBKy ||\/J - az|| ^ ~||2|| ajih 2; G P([l/4, 3/4))Z 2 , to 
(J — a~ l l 2 b)x n — ^ 0, x n — > 0. HTax, P 3 — no^npocTpaHCTBo. 

IlocKojiBKy Hi + H% = {(x, yl — ay, x,y G /2)}, to P2 C Pi + P3 h Pi + #3 He 

3aMKHyTO. 

IlycTb x = (y, 0) G Pi. IlocKojiBKy P2 = ( i—rr \ to ||P2x|| 2 = 

\\/a[I — a) I — a J 

{ay,y) > ±||?/|| 2 = \\\x\\ 2 , \\P 2 x\\ > (l/2)||x||. Jlerxo bh^tb, hto P 2 (Pi) = P 2 . 

IIoKaJKeM, HTO H 2 , P3 JIHHeHHO He3aBHCHMBI H HX CyMMa 3aMKHyTa. J\JIK 9TOrO ^OCTaTOH- 

ho ,noKa3aTB, hto ecjiH X n G H 2 , Y n G P 3 h X n + F n — > 0, to X n — )■ 0. ^oKaxceM sto. IlycTB 
= (v^^n, V-f - ax n ), Y n = (b y n , \/I - ay n ). Tor^a y/ax n +by n -)-0h y/I - a(x n +y n ) ->> 
0. IIosTOMy x n + a~ l / 2 by n — >■ 0, \/J — a(J — a~ x l 2 b)y n — >■ 0, (/ — a~ x l 2 b)y n — »■ 0. IlocKojiBKy 

/ — a~ l l 2 b H30MeTpHH, to y n 0, x„ —7- 0. 

HTax, Hi, H 2 , H 3 yzjoBjieTBopaioT ycjioBHHM (Condi), (Cond2). 

,II,ajiee mbi 6yn;eM paccMaTpuBaTB onepaTopBi BH^a A = ^^=1 a i,jPiPji r ^ e 
Kax noKa3BiBaeT npe^iByryiixHH npHMep, H3 Im(A) = X)fc=i ^ BooGme roBopa He cjie^y- 
eT 3aMKHyTocTB X^fc=i -^fc- ^ M ^yfleM HaKjia^BmaTB ycjioBna Ha ojjj, hto6bi sto cTajio 
BepHbiM . ^ajiee a^i > 0, i = 1, 2, . . . , n. Onpe,n;ejiHM f}^ = h 



^JIH npOH3BOJIBHOrO x G 

n 

(5.1) Re(Ar,x) = ^ a M || i=*<ar 1 1 2 + ^Re(a i , i (P i x, P»x) + a^P^Pjx)) ^ 

i=l i<j 



> ^a M ||Px|| 2 + 2^/3 M -|(P i x,P i a:)| ^ ^/3^||Px||||P, 

i=l i<j i,j 



J X \ 



YTBep>K/],eHHe 5.8. ilycmt. Mampuit,a B = (Aj) noAOCHcumeAbHo onpedeAena. Tozda 
ycjioeun paenocuJibHu: 

(1) ^2k=i-Hk 3aMKHyma, 

(2) M(A) = ELi ' 

(3) Jm(A) 3aMKHym. 

JJoKa3ameJihcmeo. Mojkho cHHTaTB, hto J^^ =1 P^fc njioTHa b H. H3 Hep aBeHCTB (15. ip h 
nojiojKHTejiBHoii onpe^ejieHHocTH P cjie^yeT, hto cymecTByeT E\ > 0, Taxoe, hto ^jia 
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npoH3BOJit.Horo x G H 

n 

Re(Ax,x)>e l J2\\ p kx\\ 2 - 

fc=i 

(1) =>- (2), (3) IIocKOJibKy Y^e=i = H, to cymecTByeT e 2 > 0, TaKoe, hto Ylk=i ^ k ^ 
e^I. Tor^a Ke(Ax,x) ^ erx^rs 1 1 1 1 2 , nosTOMy A o6paraM. B nacTHocTH, Im(^4) = H. 

(2) (1) IIocKOjibKy A G M(Pi, P n ), to H3 jreMMbi cjienveT Im(A) D (ker(A))- 1 . 
IlycTb x G ker(A), Tor^a Ax = 0, Re(Ar, x) = 0. IIosTOMy P^x = 0, k = 1, 2, . . . , n, oTKyn;a 
x = 0. HTaK, ker(A) = 0, noaTOMy Im(A) = H n 52fc=i -^fc = -H"- 

(3) =>- (1) B 3tom cjiynae lm(A) = (ker(A*)) ± . LlycTb x G kei(A*), tofr& A*x = 0, 
(A*x, x) = 0, (Ac, a;) = 0, Ke(Ax,x) = 0. LkraTOMy x = 0. HTaK, ker(A*) = 0, nosTOMy 
lm{A) = H,^2 n k=l H h = H. □ 

Tenepb mm oTKajKeMca ot nojiojKHTejibHOH onpe^ejieHHocTH B. ,Hajiee npe,zrnojiaraeM, 
hto BbinojiHeHM cjie^yioiHHe ycjiOBHs: 

(Bl) B HeoTpimaTejiBHO onpe^ejieHa, G cr(B) h HMeeT KpaTHOCTB 1, 

(B2) nocTpoHM rpacp Tp c MHoacecTBOM BeprniiH 1,2, ... ,n cjie^yioiHHM o6pa30M: i coe^H- 

HeHo c j ecjiH Pi t j 0. Tpacp Tp cBH3eH. 

LlycTB BeKTop s — (si, . . . , s n ) G W 1 HBjiHeTCH 6a3HcoM ker(B). Tor,n;a (Bs, s) = 0. Onpe- 
^ejiHM s' — (\sx\, . . . , \s n \). IIocKOJiBKy > On (3ij ^ npn i ^ j, to (-Bs', s') ^ (-Bs, s) = 
0. H3 HeoTpHu,aTejiBHofi onpe^ejieHHocTH .B cjie,zryeT (Bs', s') = 0, .Bs' = 0. LIosTOMy mo- 

JKeM CHHTaTb, HTO S\, . . . , S n HeOTpHH,aTejIbHbI. LIoCKOJIbKy Bs = 0, to Y^=l Pi,j s j = 0, 

&i,i s i = Y.j^i(-fii,i) s j- nosTOMy ecjiH S; = h /3y 7^ (T.e. /3y < 0), to = 0. ripefl- 

nOJIOJKHB, HTO flJIH HeKOTOporO 2 Sj = 0, H3 CBH3HOCTH Tp nOJiyiHM S\ — . . . — S n — 0, 

npoTHBopeiiie. HTaK, s\, . . . , s n > 0. 

3aMenaHHe 9. JlerKo noKa3aTB, hto ecjin BbinojiHeHo (Bl) h si, . . . , s n > 0, to Bbinoji- 
HeHo (B2). 

"yTBep«:/],eHHe 5.9. Biycmb eunoAHenu (B1),(B2). Tozda: 

(1) ecAU Im(A) = Y^k=i Hk> mo Y^=i ^ k 3aMKHymo, 

(2) ecAU Im(A) 3aMKHym, mo X^fe=i Hk 3a,MKHymo, 

(3) ecAU J2k=i Hk = Ylk=i = H > mo A o6pamuM. 

JleMMa 5.5. Uycm'b eunoAHenu ycAoeusi (Bl) ,(B2) u {^ =1 Hk = flfc=i Hjt = ®- Tozda 
ker(A) = ker(A*) = 0. 

/foKasameAbcmeo. nycTb x G ker(A). Tor^a Ax = 0, R,e(Ax, x) = 0. H3 HepaBeHCTB (15. ip h 
HeoTpiinaTejibHoft onpe^ejieHHocTH B cjie^yeT, hto b HepaBeHCTBax (15. ip Be3^e paBeHCTBa 
h ■ l3ij\\Pix\\ \\Pjx\\ = 0. nosTOMy ||P/tx|| = Xsk, 1 ^ k ^ n ^jia HeKOToporo A ^ 0. 
Ecjih A = 0, to PkX = 0, 1 ^ k ^ n, OTKyn;a x = 0. npe^nojioacHM, hto A > 0. Tor^a 
PfcX 7^ 0, 1 ^ k ^ n. nocKojibKy b HepaBeHCTBax (15. ip ^ocTHraioTCH paBeHCTBa, to ecjiH 
Pij 7^ 0, to \(PiX, Pjx)\ = \\Pix\\ \\Pjx\\, cym;ecTByeT Ajj G C TaKoe, hto P t x = XijPjX. 

nOCKOJIbKy CB5I3eH, TO P\X = X2P2X = . . . = X n P n X ,II,JTH HeKOTOpblX KOMnjieKCHblX 

A2, . . . , A n . nocKojibKy Hfc=i B-k — 0, to Pyx = 0, npoTHBopeiHe c A > 0. HTaK, ker(A) = 0. 
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JlpKciyKeM , hto ker(A*) = 0. IlycTb x G ker(A*), Tor^a Re(Ar, x) = h noBTopaa: 
npe^Bi^yiHiie paccyjK,n;eHH5i nojiyniiM x = 0. □ 

JJ,oKa3ameAbcmeo. (yTBepjK^eHHa 15. 9p Mojkho cnnraTB, hto P)fe=i Hk = D&=i -^fc" = 0- 
/loKajKeM (1). IIocKOJibKy A G .M(Pi, . . . , P n ), H3 jieMMbi I5T41 cjie jyeT Im(A) D (ker(A))- 1 . 

H3 jieMMbi I5T51 nojiyqaeM ker(A) = 0. IIosTOMy Im(A) = H, oTKyn,a Y^k=\Hk = H. 

^OKa>KeM (2). HMeeM: lm(A) = (ker(A*)) ± = H, oTKy^a Y2=i H k = H - 

,H,oKa>KeM (3). IlycTb 7^ = — Aj, i ^ j- IIocKOJit.Ky Bs = 0, to Y2j=i Pi,j s j = 0> 
g ■ 

a i,i = ^3 HepaBeHCTB (15. lp fljia npoH3BOJibHoro x £ H HMeeM: 



(5.2) Re(Ax,x) ^ ^ - 2 ^ 7ij |(Px, P jX )\ = 

i=l i<j 

^ I y^7i,j s i g j I ||-Pia;/Si|| 2 - 2 ^ 7i,jSjSj I (PjX/ Si, PjX/ Sj)\. 
i=l / i<j 

y Hac ^)fe=i Hk = si,...,s n > 0, cBsi3eH. IIosTOMy H3 yTBepjK^eHHH 13.41 cjie^yeT, 
hto cymecTByeT E\ > 0, Taxoe, hto fljia npoH3BOJiBHbix G 1 ^ k ^ n 



\m\\ 2 - 



IIoflCTaBHB b 3to HepaBeHCTBo jji = Pix/si, 1 ^ i ^ n, H3 HepaBeHCTBa ( 15. 2 p nojiynHM 
Re(Ax, x) ^ £i Ym=i \\Pi x / s i\\ 2 ^ £ 2 SILi IIP X II 2 neKOToporo e 2 > 0. IlocKOJibKy 
Y^c=iHk = H, to Re(Ax, x) ^ ^H^H 2 PAR HeKOToporo e 3 > 0. OTcio^a cjie^yeT, hto A 
o6paraM. □ 

PaccMOTpiiM npiiMeHeHHSi yTBepacflemiH 15.91 IlycTB V — cbh3hbih rpacp c mho^kcctbom 
BepniHH 1,2, ... ,n. ByipeM rmcaTB % ~ j ecjin % coeflimeHO c j b T. IlycTB Kaacfloii nape 
BepniHH coe^HHeHHBix pe6poM b T, conocTaBjieHBi ^eflcTBHTejiBHBie nncjia 
npHHeM £ij + £ jti > 0. J\jih Ka>K^oro i — 1, 2, . . . ,n onpe^ejiHM ^ = (1/2) J2j~Mw + 
Hcho, hto & > h J2"=i & = Onpe^ejiKM A = ]T™ =1 ^P { - ^i^- C..,PP r 

IIpHMep 5.5. IlycTB P(r) = {{1, 2}, {2, 3}, . . . , {n, 1}}, T.e. r — uhkji. IlycTB ^i j2 = ^ 2)3 = 
. . . = ^ nj i = 1, ^2,1 = 6,2 = • • • = Ci,n = 0. Tor^a £ 1 = ... = £ n = lnA = Yh=i P * _ 
127=1 r ^ e o6o3HaneHo P n+1 = Pi. 

B npe^Bi^ymnx o6o3HaHeHHHx onepaTop A nojiynaeTCH npn BBiGope a^j TaKHM o6pa30M: 

(1) oii t i = % = 1,2, ...,n, 

(2) ajj = -^j ecjin i ~ j, 

(3) ajj = ecjin i ^ j h i He coe^HHeHO c j b T. 
Tor^a fljis flij HMeeM: 

(1) 0i,i = i = 1,2, . . . ,n, 

(2) = + 0,0 ecjIH * ~ h 
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(3) 0ij = ecjra i 7^ j h % He coeflimeHO c j b T. 
Ha BeKTope t = (ti, . . . ,t n ) G M n KBaixpaTHHHasi cpopMa, nopoac^eHHas B, paBHa 

n 1 

t=l {iJ}6B(T) {«}€B(T) 

IIosTOMy B HeoTpimaTejiBHo onpe,a,ejieHa, G cr(B) HMeeT KpaTHocTB 1, cooTBeTCTByiorHHH 
co6cTBeHHBiii BeKTop: (1,1,..., 1) (sto cjie/xyeT H3 cbh3hocth T). TaioKe hcho, hto = T. 
TaKHM o6pa30M, ycjioBHH (B1),(B2) BBinojmeHBi. 

"YTBep>K/],eHHe 5.10. CAedymvu^ue ymeepmcdeHun paenocujibnu: 

(!) YZ=i H kiYZ=i H k aaMKHymu, 

(2) Im(A) = (Z n k=1 H k )n(Pk =1 H k ) ± , 

(3) im(A) 3aMKHym. 

JJ l OKa3ameji , bcmeo. Pa3JiojKHM H = f]^ =1 H^-®f]^. =1 H k ®H, Tor^a H k = 0©p|^ =1 H k ®H k , 
r/j,e H k — no^npocTpaHCTBo H. Hcho, hto Ha=i -^fc" = flfc=i ^fc = ( T y T Hk o6o3HaHaeT 
opToroHajiBHoe ^onojiHeHHe H k b H). 06o3HaHHM P k opTonpoeKTop Ha H k b npoerpaH- 
CTBe H. Tor^a P k = © I © P fc . nocKojiBKy £]™ =1 £ = f fj -, to A = © © A, r/ie 
A = Xir=i — ^ijPiPj- TaKHM o6pa30M, ^ocTaTOHHo ^OKa3aTB Hy>KHoe yTBepjK^e- 
HHe fljia no^npocTpaHCTB H k npocTpaHCTBa H. IIosTOMy mbi cpa3y 6yn;eM cHHraTB, hto 

nLi^ = nLi^ = o. 

(1) =>- (2), (3) IIocKOJiBKy Yl k =i Hk = Y^k=i H k = H, TO nyjKHoe cjie/xyeT H3 yTBepjK^e- 
Hiia 15.91 

(2) =>■ (1) HMeeM: Im(v4) = "522=1 Hk- ^3 VTBepacjeHHg I5T91 cjiejveT 3aMKHyTOCTB 
522=1 Hk, nosTOMy 522=1 H k = H. IIosTOMy Im(A) = H . /Jjis i = 1,2, ... ,n o6o3HaHHM 
Qi opTonpoeKTop Ha H^~. Tor^a Pi — I — Qi. IIosTOMy 

n 

A = - Qi) - Qi)(I - Qi). 

i=l i~j 

IIocKOJiBKy 527=i £» = ^ij; TO n P H pacKpBiTHH ckoGok cjiaraeMBie, KpaTHBie /, coxpa- 
thtch, a nosTOMy Im(yl) C 52 k =i Hk - OTCio^a cjie/xyeT, hto 522=1 H k = H. 

(3) =>- (1) H3 jieMMBi [531 cjiejyeT ker(y4*) = 0, nosTOMy Im(v4) = H. OTcio^a 5212=1 Hk = 
H. IloBTopHB paccyrpKeHHH npn ^0Ka3aTejibCTBe (2) =^> (1), nojiynHM X^fe=i Hit = H. □ 

5.5. CyMMa n no/],npocTpaHCTB npeflCTaBHMa b BHfle cyMMH napti no/],npocTpaHCTB. 

PaccMOTpHM cjie^yioHi;HH Bonpoc: nycTB Hi,...,H n — no^npocTpaHCTBa H. Mojkho jih 
cyMMy Hi + . . . + H n npe^cTaBHTB b BH^e cyMMBi ^Byx no^npocTpaHCTB, T.e. cymecTByioT 
jih no^npocTpaHCTBa M\ , M2 , ^;jih kotopbix H± + . . . + H n = Mi + M2 ? B cjiynae cenapa- 
GejiBHoro npocTpaHCTBa H yTBepflHTejiBHBm otbct cjiejj;yeT H3 TeopeMBi 2.6 paGoTBi |10| . 
O^HaKo ynoMHHyTan TeopeMa HeBepHa b cjiynae HecenapaGejiBHoro npocTpaHCTBa (cm. 3a- 
MenaHHe nocjie ee jj,oKa3aTejiBCTBa) . TeM He MeHee, mbi noxajKeM, hto otbct yTBep^HTejiB- 
hbih b cjiynae npoH3BOJiBHoro rnjiBGepTOBa npocTpaHCTBa H (otmcthm, hto, HanpHMep, 
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rHjib6epTOBo npocTpaHCTBo noHTH nepiio^HHecKHx cpyHKHHii Ha K, HMeromee pa3MepHocTt> 
KOHTHHyyM, HMeeT MHoroHHCJieHHbie npiiMeHeHHs b TeopHH ^H(p(pepeHHHa.nBHBix ypaBHe- 

HHH H MaTeMaTHHeCKOH (J)H3HKe). 

TeopeMa 5.2. JJasi npou3eoAt>Hux nodnpocmpaHcme Hi, . . . ,H n cymecmeywm dea nod- 
npocmpaHcmea Mi, M2, manue, umo Hi + . . . + H n = Mi + M2. 

flflsi ^OKa3aTejiBCTBa HaM HeoGxo^HMbi HecKOJibKo jieMM. Cjie^yrouxaii jieMMa mothbh- 
poBaHa jieMMofi 3.2 b |10] . 

JieMMa 5.6. Hycmb A,B— Heompui^amejibHue caMoconpnotcenHue onepamopu, E A , Eb - 
ux cneKmpcuibHue Mepu. Hycm"b Im(A) C Im(B). Tosda cyv^ccmeycm K > manoe, umo 
djiA ecex a > 

dim E A {[a, +oo))H dim E B {[a/K, +00)) H. 
JJoKasamejibcmeo. ^ocTaTomro ,noKa3aTB, hto cymecTByeT K > 0, KOToporo 

(E A ([a, +oo))H) H (E B ([a/K, +oo))H) ± = 

fljia Bcex a > 0. H3 TeopeMBi P.^yrjiaca cjie^yeT, hto cyurecTByeT onepaTop C G B(H), ^jih 
KOToporo A = SC, a nosTOMy A = C*.B. IlycTB x G -EU([«, +oo))ff. Tor^a #J «||^||, 

||C*-Bx|| ^ a noaTOMy ||-Bx|| ^ ||x||. IIoaTOMy HaM no^oii^eT if = 2||C||. □ 



JieMMa 5.7. Hycm'b A — Hcompwu i amcji'bnuu caMoconpnotceHHUu onepamop e H , npuueM 
kerA = 0, E — czo cnenmpaAbHaH Mepa. JIuneaJi Im(A) mochcho npedcmaeumb e eude 
cyMMU napu nodnpocmpaHcme mozda u moAbKO mosda, nosda 



3ah ncKomopozo e > 0. 

floKasameAhcmeo. IlycTb cHanajia dimE{[E, +oo))H = dim if ^jia HeKOToporo e > 0. Mo- 

JKeM CHHTaTB, HTO E < 1. Pa3JIO>KHM H = E([0, e))H ® E([e , Oo))H . OTHOCHTejIBHO 3TOTO 

opToroHajiBHoro pa3Jio>KeHH5i A = Ai © A2, r^;e onepaTop ^ Ai ^ eI, a A2 o6paTHM. 
riosTOMy lm(A) = lm(Ai) © E([s, oo))H. Hcho, hto dim£([0, e))H ^ dim E([e, 00)) H. 

TaKHM o6pa30M, HaM ^ocTaTOHHo ^OKa3aTB cjie^yromee: b rHjiB6epTOBOM npocTpaHCTBe 
M © M © iV jiHHeaji \m(B) © M © iV (TyT onepaTop B : M — > M) mojkho npe^cTaBHTB b 
BH,n,e cyMMBi napBi no^npocTpaHCTB Mi, M 2 . 5Icho, hto Mi = {(Bx, (I — B)x, 0), x G M}, 
M2 = ® M N — HCKOMBie no^npocTpaHCTBa. 

IlycTB TenepB Im(^4) mojkho npe^cTaBHTB b BH^e cyMMBi napBi no^npocTpaHCTB. Ecjih 
H KOHeHHOMepHo, to HyjKHoe yTBepac^eHHe ohcbh^ho, nosTOMy ^ajiee H GecKOHenHo- 
MepHO. IlycTB Im(A) = Hi + H2, P11P2 — cooTBeTCTByrorrrHe opTonpoeKTopBi. IIocKOJiBKy 
ker A = 0, to H^ n H^ = 0. Onpe^ejiHM no^npocTpaHCTBa H11 = H 1 D H 2 , H X q = 
Hi fl H21 Hq i = H^ PI H 2 . IIpHMeHHM ^jia napBi no^npocTpaHCTB Hi,H 2 TeopeMy 12. 2\ 
HcnojiB3yeM ee o6o3HaHeHHH. B opToroHajiBHOM pa3Jio>KeHHH (12. 4p KOMnoHeHTa H^~ fl H^ 
OTcyTCTByeT. 




dim E([e, +oo))H = dim if 



Tor,n;a 



Hi + H 2 = Hi t i © Hi >0 © #0,1 © if © Im(y/I - a) 
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HBjiHeTca o6pa30M onepaTopa B = 1 © Ih 1 © f# 1 © 1% © y/I — a. H3 JieMMti 15.61 
(Im(S) C Im(74)) cjie^yeT cyinecTBOBaime e > 0, rjisl KOToporo dim E([e,oo))H ^ dim if 1,1 + 
dimff^o + dimifo,i + dimfT = dim if, T.e. dimE([e,oo))H = dimH. □ 

JJ,oKa3ameAbcmeo. (TeopeML.i l5.2p Mojkho cHHTaTt., hto H\ -)-...-)- H n — H . B cnyiae ko- 
HeHHOMepHoro H yTBepjK^eime TeopeMbi oneBHJXHO, nosTOMy ^ajiee H GecKOHeHHOMepHO. 
IlycTB pa3MepHOCTb dim if 1 — HanGojiBinaa 113 dim if j, 1 ^ % ^ n. Tor^a dimiii = dim if. 
Onpe^ejiHM onepaTop A = \fP\ + . . . + P n , nycTb E — ero cneKTpajiBHaa Mepa. IIockojib- 
Ky Im(Pi) C lm(A), to H3 jicmmbi 15.61 cjie/xyeT, hto cyinecTByeT e > 0, fljia KOToporo 
dim£'([e, +00)) ^ dimffi = dimii. IIosTOMy dimE([e, +00)) = dimif. TenepB 113 jicm- 
mbi 15.71 cjie/xyeT HyjKHoe yTBep>K^;eHHe. □ 

5.6. Kor^a H3 3aMKHyTOCTH if 1 + . . . + H n cjie^yeT 3aMKHyTOCTb if 1 + . . . + H m 
(m < n cpHKCHpoBaHo) . 

yTBep>K/],eHHe 5.11. Ilycmb Mi,M 2 — euAb6epmoeu npocmpaHcmea, a : Mi — > if , b : 

M 2 — > H — Auneunue nenpepuenue onepamopu, npuneM Im(a) f]Im(b), Im(a) + Im(b) - 
nodnpocmpaHcmea e H. Tosda Im(a), Im(b) — nodnpocmpancmea. 

JJoKasamejibcmeo. 1. (cm. TeopeMy 2.3 b |10| ) 

CHanajia ji;oKaJKeM TpeGyeMoe yTBep>Kji;eHHe npn ycjiOBHH Im(a) f] lm(b) = 0. Be3 orpa- 
HHHeHHs o6hihocth mojkho ciHTaTB, hto ker(a) = ii ker(o) = 0. Onpejj;ejiHM onepaTop 
c : Mi © M2 — > Im(a) + lm(b) paBeHCTBOM c(x, y) = ax + by. Torfla c HenpepBiBeH h 6h- 
eKTiiBeH, a noTOMy oGpaTHM. IIoaTOMy cymecTByeT e > Taxoe, hto rjir iipoii3bojibhbix 
x G Mi, ?/ G M 2 BBinojmeHo: \\ax + by\\ 2 ^ e 2 (||x|| 2 + ||y|| 2 ). IIoji;cTaBHB y = 0, nojiy- 
hhm ||ax|| ^ s|MI> # ^ Mi, a nosTOMy Im(a) — no/xnpocTpaHCTBo. AHajiorirrHo lm(b) - 
no/xnpocTpaHCTBo. 

2. TenepB paccMOTpHM oGiilhh cjiynaii. OGosHaniiM M = Im(a) D Im(6). Pa3Jio>KHM 
Ail — a~ 1 (M) © M[, 11 onpeji;ejiHM onepaTop a' : M[ — )■ if paBeHCTBOM a'x = ax, x G M{. 
Torji;a Im(a / )nlm(6) = 11 Im(a') +Im(6) = Im(a) + Im(6) — noji;npocTpaHCTBO, a nosTOMy 
Im(6) — no^npocTpaHCTBo. AtiajiorHHHo Im(a) — no/xripocTpaiicTBo. □ 

Cjie^CTBHe 5.7. Tlycmb Hi, ... , H n — nodnpocmpaHcmea H, u if 1 + . . . + ff n ~ nodnpo- 
cmpancmeo. Ecau 3ar ncKomopozo m < n (Hi + . . . + if m ) D (if m +i + . . . + if n ) — nodnpo- 
cmpancmeo, mo if 1 + . . . + if m , if m+ i + . . . + ff n — nodnpocmpancmea. 

Cjie,a,CTBHe 5.8. ifycmt. ifi, . . . , if n — nodnpocmpancmea if, cyMMa Komopux ff 1 + . . . + 
ff n 3aMKnyma. npednoAootcuM, umo Bar ak>6o20 I C {1, 2, . . . , n}, |f| < n cyv^ccmeycm 
J C {1,2,..., n}, J I, maKoe, umo (J2 ieI Hi) fl (J^jeJ ^i) — nodnpocmpancmeo. Tosda 
Bar ecfiKozo I C N„, cyMMa ^2 ieI Hi — nodnpocmpancmeo. 

,I(oKa3ameAbcmeo noAyuaemcH npuMcncnucM undynunu "ceepxy enu3 n no 6a3a un- 
dynyuu — \I\ = n. 
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